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We introduce a novel discretization of the incompressible Euler equations
based on their interpretation as geodesic equations on the Lie group of
volume-preserving diffeomorphisms. It is well known that encoding diffeo-
morphisms and their infinitesimal generators through a discretized Koopman
representation places a nonholonomic constraint on discrete velocities, for
which there is no consensus on a variational treatment. We show that taking
the vakonomic perspective, as opposed to the usual perspective of Lagrange—
d’Alembert, yields discrete fluid trajectories that remain geodesics on a
(sub-)Riemannian manifold. In particular, the resulting vakonomic dynamics
are Lie-Poisson and their solutions admit a discrete relabeling symmetry,
leading to machine-precision satisfaction of Casimir invariants along with a
discrete analogue of Kelvin’s Circulation Theorem. Using an efficient mo-
mentum map representation based on low-rank Clebsch variables, we show
that these vakonomic fluids behave stably and consistently even at low grid
resolutions, leading to increased robustness and physical realism in the long
term.
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1 INTRODUCTION

Simulating incompressible fluid motion remains a central topic in
physics-based simulation, where the goal is to construct discrete
fluid motions that faithfully reproduce the dynamical phenomena of
their continuous counterparts. This task is notoriously challenging
due to the information loss inherent in discretization, limiting the
resolution at which complex multiscale structures in the flow can
be resolved. This has motivated a long line of work into structure-
preserving discretizations of the incompressible Euler equations
[Elcott et al. 2007; Mullen et al. 2009; Pavlov et al. 2011; Nabizadeh
et al. 2022, 2024] that aim to account for subgrid-scale effects on the
dynamics without explicitly resolving them. Often, this involves dis-
cretizing the geometric interpretation of Euler solutions as geodesics
on an infinite-dimensional manifold of diffeomorphisms.

This Lagrangian perspective on fluid motion is well understood
in the continuous setting. On a Riemannian manifold M, Arnold
[1966] showed that solutions to the incompressible Euler equations
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Fig. 1. Trefoil-knot experiment computed with our Vakonomic Fluids for-
mulation. Note the faithful capture of the reconnection: the knot advances
and stretches before pinching off into a larger and a smaller ring [Kleckner
and Irvine 2013]. Prior approaches each give up something: matrix hydrody-
namics [Modin and Viviani 2025] is restricted to two-dimensional periodic
or spherical domains, while Lagrange—d’Alembert finite element solvers
[Pavlov et al. 2011] preserve only a weak notion of Kelvin’s circulation the-
orem. Our method extends seamlessly to three dimensions on a standard
prescription of finite element spaces, here an IGA-FEEC B-spline basis
giving pointwise divergence-free velocity, while retaining a Lie—Poisson
structure that preserves a discrete analogue of Kelvin’s circulation theorem.

are geodesics (i.e., locally shortest paths) on the space SDiff (M) of
volume-preserving diffeomorphisms of M. Importantly, this picture
is fully self-consistent: the equations of incompressible fluid motion
are the Euler-Lagrange equations of a certain variational problem
posed on the Lie algebra sbdiff(M), and no additional information
from outside this particular tangent space to SDiff (M) is required
to establish this fact.

As it turns out, the picture in the discrete setting is far less clear.
Powerful and convenient discretization methods based on, e.g., Koop-
man representation theory [Koopman 1931; Brunton et al. 2022],
lead to discrete problems with non-holonomic constraints for which
there is no consensus on a variational treatment. In short, these
constraints arise from representing smooth objects in the Lie alge-
bra sdiff(M) with discrete ones living in a Lie-algebraically open
subspace of matrices [Pavlov et al. 2011; Gawlik et al. 2011; Abanov
and Khesin 2025]. Largely, there are two competing theories for
handling this, known as Lagrange—d’Alembert (LdA) [d’Alembert
1743] and vakonomic (variational axiomatic kind of holonomic)
[Kozlov 1983; Arnold et al. 1988; Bloch et al. 2015], respectively.
While these theories agree when constraints are holonomic (i.e., in-
tegrable), and also when certain initial data are prescribed [Favretti
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1998; Fernandez and Bloch 2008], they produce quite different re-
sults in the general non-holonomic case confronted by discrete fluid
simulation.

Until now, the LdA principle has been the dominant approach
by far due to its flexibility and strong performance in a variety of
computational settings [Marsden and West 2001; Pavlov et al. 2011;
Gawlik et al. 2011; Desbrun et al. 2014; Liu et al. 2015; Bauer and
Gay-Balmaz 2017a,b; Natale and Cotter 2018; Brecht et al. 2019; Gaw-
lik and Gay-Balmaz 2020, 2021a,b,b, 2022, 2024; Gawlik et al. 2025].
However, LdA has a significant drawback: it is not self-consistent,
and metric information from outside the solution space is required
to formulate well-defined equations of motion. This means the user
must make an ad-hoc (non-variational) choice of “ambient metric”
in order to close the LdA system, rendering its application not fully
variational in practice and destroying the symplectic structure of the
underlying geodesic equations. This manifests as incorrect physical
behavior in the long term, since violation of discrete Casimir invari-
ants analogous to enstrophy and helicity causes incorrect energy
cascading over time.

The primary goal of this paper is to establish the vakonomic
variational principle as an alternative to LdA for the treatment of
incompressible fluid simulations. While LdA allows variations to
leave the constraint space, the vakonomic principle makes a different
choice: self-consistency will be maintained by allowing only those
variations which obey the non-holonomic constraints. This has the
enormous positive consequence of maintaining symplecticity, so
that all invariants of phase space (i.e., Casimirs) will be conserved
to machine precision. However, it also comes with the drawback of
reduced flexibility in the discrete variational problem, which will
be inherently non-dissipative and constrained to a non-integrable
distribution of tangent subspaces where the (derivative of the) fluid
is allowed to move. Ultimately, the vakonomic perspective yields an
interpretation of discrete incompressible fluids as sub-Riemannian
geodesics on a matrix manifold, maintaining a discrete picture consis-
tent with the continuous case and providing practical benefits such
as more accurate conserved quantities and more realistic long-term
fluid behavior.

To summarize, the contributions of this work include:

e Recasting incompressible fluid simulation through the vako-
nomic variational principle, a self-consistent alternative to
the standard Lagrange—d’Alembert approach for handling
the non-holonomic constraints inherent to discrete geomet-
ric hydrodynamics.

o A formulation of the resulting Lax equation as a discrete Lie-
Poisson system that preserves energy and Casimir invari-
ants, along with a discrete analogue of Kelvin’s Circulation
Theorem, to solver tolerance.

e A low-rank, momentum map representation of the vako-
nomic dynamics that dramatically improves computational
efficiency while exactly retaining its structure-preserving
properties.

e Comparisons with previous methods based on functional
maps and matrix hydrodynamics, demonstrating how the
proposed discretization extends naturally to three dimen-
sions and arbitrary domains.

e Numerical experiments involving vortex evolution and tur-
bulence formation that confirm the theory, demonstrating
robust, physically faithful long-term behavior, even at low
grid resolutions.

The remainder of the paper is structured as follows. Section 2
provides a brief summary of the core ideas driving the proposed
approach. Then, section 3 resp. section 4 review the basics of geo-
metric hydrodynamics resp. Koopman representation necessary for
understanding the spatial discretization presented in section 5. Af-
ter this introduction to the discrete setup, section 6 presents the
semi-discrete vakonomic equations of motion in Euler-Poincaré (La-
grangian) and Lie-Poisson (Hamiltonian) forms, before comparing
and contrasting them to other modern fluid simulation approaches
(including LdA) in section 7. Section 8 then formulates a computa-
tionally efficient low-rank parameterization of the time-continuous
dynamical variables analogous to the classical Clebsch representa-
tion, before section 9 discusses the fully discrete equations of motion
along with properties of the time integration scheme employed. Fol-
lowing this, section 10 presents the end-to-end simulation algorithm,
and a variety of numerical examples follow in section 11. Finally,
section 12 concludes by outlining some directions for future work.

2 OVERVIEW

We begin with a high-level overview of the topics and contributions
just discussed.

2.1 Lagrangian dynamics with non-holonomic constraints

Variational principles specify the dynamics of a physical system via
the extremization of functional data. Consider the energy functional

1
&(y) = /0 L2 dr, )

defined in terms of a path y: [0, 1] — M on the manifold M with ve-
locity field y: [0,1] — TM. The unconstrained variational problem
involves a one-parameter family of curves y: [0,1] — M called
variations, depending on ¢ > 0, whose associated infinitesimal varia-
tions (or variation vectors) are given by the derivative y = % \e:O Ye
(cf., Figure 5). The dynamics generated by & coincide with the con-
ditions required for its stationarity under arbitrary variations y,
with compact support in the interior of [0, 1].

In the presence of constraints, admissible trajectories for & are
additionally required to satisfy y () € Dy ;) for a given distribution
D C TM, ie, a smooth assignment of linear subspaces D, C T, M
contained in each tangent space. Holonomic (i.e., integrable) con-
straints are those for which the admissible velocities y are tangent
to a foliation of M by submanifolds, meaning that the constrained
variational problem reduces to an unconstrained problem on each
leaf where these admissible trajectories lie. Conversely, when the
distribution O is non-holonomic (non-integrable), admissible paths
y need not lie in any submanifold of M. Instead, they are merely
required to be tangent to the distribution D at any given time, ie.,
y € Dy. As mentioned previously, this forces a choice between
different principles for imposing these constraints.

Of the two standard approaches to enforcing non-holonomic con-
straints, the most common choice in computational mechanics is
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Fig. 2. A cartoon of “variation space”: each point is a path y, the shaded
region collects the admissible paths (y € Dy ), each black curve is a variation
family € — ye, and the red arrow is the infinitesimal variation y. Lagrange—
d’Alembert (left) lets the family leave the admissible set, so the arrow escapes
the shaded region; the vakonomic principle (right) keeps every ye admissible,
confining the arrow to it. The restrictions are complementary: pointwise
on M (see Figure 3) the picture reverses, with LdA confining y(¢) to Dy (1)
and the vakonomic principle instead confining the velocities ye (¢).

Lagrange-d'Alembert vakonomic

Fig. 3. Under the vakonomic variational principle (right), variation curves
t > ye (t) must stay tangent to the constraint distribution. Conversely, the
Lagrange-d’Alembert principle (left) is less restrictive, requiring only that
the variation vector field ¢ > y (&) belong to this distribution.

the Lagrange—d’Alembert principle (cf,, Section 7.1). LdA states that
non-stationary variations y, in the family should not necessarily
be admissible themselves, provided that the “virtual work” done
on them by the constraint forces is zero. This means that LdA vari-
ations can leave the space of admissible paths (see Figure 2 left),
i.e., that the velocity ye is not constrained to the distribution D
(see Figure 3 left), provided the variation vector field y remains con-
strained to D at each point in time. This condition is equivalent to
the so-called “principle of virtual work”, also known as Cetaev’s con-
dition [Chetaev 1933], which states that LdA-admissible variations
Ye must satisfy y € O. Importantly, the unrestricted nature of the
variations y. renders this process not intrinsic to the distribution
D, and metric information from the ambient space TM is required
to carry out the variational program. Consequently, the resulting
dynamics are not generally the stationarity condition of an energy
functional on the space of admissible curves.

The alternative to LdA, standard in control theory and natural
from the viewpoint of constrained optimization, is the vakonomic
variational principle (cf,, Section 6.2). This approach maintains self-
consistency by requiring that all variations y, remain tangent to the
constraint distribution, i.e., ye (t) € DYe (1) for all € in the variational
family. This restriction lends the vakonomic principle its fully vari-
ational character, since no additional information from outside the
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distribution D is ever required. By varying over all such admissible
curves using, e.g., Lagrange multipliers to enforce the tangency re-
quirement, the resulting vakonomic stationary conditions naturally
embed notions of sub-Riemannian geometry (cf., Section 6.1), and
the equations of motion describe sub-Riemannian geodesics.

2.2 Discretizing Incompressible Fluid Motions

Recall that incompressible fluid motion in the continuous setting is
described by an unconstrained Lagrangian least action principle for
curves y: [0,1] — SDiff (M) in the volume-preserving diffeomor-
phism group (cf., Section 3.2). Since discretizing SDiff (M) directly
is challenging, many fluid simulation methods (e.g., [Azencot et al.
2014; Pavlov et al. 2011; Modin and Viviani 2024]) consider a dis-
cretized Koopman representation instead. In the continous Koopman
theory, diffeomorphisms in SDiff (M) are represented as unitary or
orthogonal linear operators acting on a space of smooth functions or
half-densities (cf,, Section 4.1). After choosing a finite-dimensional
discretization of this space, these continuous linear operators be-
come orthogonal matrices acting on a finite-dimensional vector
space (cf., Section 5). Ultimately, this results in a simple matrix rep-
resentation space SO(F) for some integer F > 0 (cf,, Section 10.2.1),
along with a non-holonomically constrained variational problem
for curves R: [0, 1] — SO(F) of rotation matrices representing the
action of fluid motions in SDiff (M). Moreover, the velocities of these
paths will be skew-symmetric matrices X: [0,1] — so(F) repre-
senting skew-adjoint linear operators in the Lie algebra sdiff(M).

To understand how this non-holonomic constraint arises, consider
that the continuous Koopman representation just mentioned is a
Lie algebra homomorphism at the level of velocities (cf., Section 4.2).
That is, there is a map from vector fields to linear transformations of
half-densities, i — advy;, representing the infinitesimal advection
(i.e, directional derivative) along #, and the Lie bracket [, 7] of
two vector fields i, 7 is represented by the commutator of their
associated linear operators:

adv[g 3] = [advg, advg]. 2

This can be understood as a “smallness condition" on the image
space im(adv): not many skew-adjoint linear operators on half-
densities represent the directional derivative along some vector
field (cf,, Figure 6). However, after discretizing the half-densities be-
ing acted on, the target space becomes an algebra so(F) of matrices,
and the image im(A) of the associated discrete map A ~ adv is no
longer closed under the action of the matrix commutator (cf., Ex-
ample 5.1). This means that the Lie brackets of elements contained
there may not remain there, i.e., [im(A),im(A)] ¢ im(A). There-
fore, the homomorphism property is lost due to discretization of the
target space, and admissible discrete motions R at the group level
must include a linear constraint on the body velocity, X € im(A),
at the algebra level. Since this constraint defines a non-integrable
distribution 9 in the tangent bundle T SO(F), this places the dis-
crete dynamics within the non-holonomic framework introduced
in Section 2.1.

2.2.1 Equations of motion. Given the difference in interpretation
between the LdA and vakonomic cases, it is not surprising that their
resulting equations of motion are quite different as well. In the case
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of LdA (cf,, Section 7.1), invoking the principle of virtual work leads
to the following system on so(F) = so(F)*

Z=np([X.2Z]), (3)

where X = X(Z) is an element of s0(F) depending on Z and r g
denotes projection onto the constraint distribution. Clearly, these
equations rely heavily on the projection operator 7, which de-
pends on a choice of metric information from outside D C so(F).
This nontrivial design decision leads to infinitely many different
LdA equations of motion, and it is far from obvious which one is
most appropriate.

Conversely, the vakonomic equations of motion (cf,, Section 6.2.1)
take the usual form of a matrix Lax equation [Lax 1968]:

Z=[X12Z]. 4

Since these equations are truly the stationarity condition of a dis-
crete functional, they inherit the benefits of variational structure,
including conservation laws implied by discrete symmetries, and, in
particular, the isospectral (Casimir-preserving) character of the Lax
evolution (cf,, Section 6.3). This is not the case for LdA, since pro-
jecting the Lie bracket action using 7 ¢ violates skew-adjointness,
leading to a loss of Hamiltonian structure and an un-physical drift
in Casimirs over time.

2.3 A structure-preserving low-rank approach

The proposed vakonomic fluid discretization relies on an F-dimen-
sional subspace of scalar functions or half-densities, along with a
V-dimensional subspace of vector fields. However, the resulting
equations of motion are largely independent of how these spaces
are chosen. This means that a variety of standard (or exotic) con-
structions are applicable, including those based on compatible finite
elements, mimetic B-splines, or spectral methods. Remarkably, and
in contrast to previous work such as [Pavlov et al. 2011], it is not
strictly necessary to use a compatible or mimetic discretization, since
the advection operators employed here are structure-preserving by
design (cf., Section 10.2.1).

With this said, the vakonomic equations Eq. (4) are still an isospec-
tral Lax-type evolution in a dense, skew-symmetric matrix variable
Z € RF*F . As such, naive simulation strategies incur a high cost
due to the O(F?) degrees of freedom which must be managed at
each iteration. Fortunately, this can be mitigated without sacrific-
ing structure-preservation by using a low-rank parameterization
of Z in terms of Clebsch variables (cf., Section 8). This Clebsch rep-
resentation expresses the full matrix variable in terms of a small
number (say m) of rank-two skew-symmetric matrices. Evolving the
corresponding factor pairs yields a closed system whose reconstruc-
tion reproduces the same isospectral flow, forming an analytical
reduced-order model for the vakonomic evolution. This reduces
the complexity at each iteration from O(F?) to O(mF) while re-
taining the variational character of the scheme and its associated
conservation properties.

Ultimately, the incompressible fluid discretization presented in
the remainder of the paper provides a “proof of concept” for the vako-
nomic point of view. We hope that the flexibility, self-consistency,
and long-term statistical accuracy of this perspective will inspire

further work towards a fully viable and general-purpose fluid solver
based on these ideas.

3 REVIEW: GEOMETRIC FLUID DYNAMICS

This section briefly reviews the geometric theory of fluids neces-
sary for the present approach. A summary of the corresponding
notational analogues is given in Table 1.

3.1 Flow Maps

Fluid motion on a manifold M can be described geometrically in
terms of flow maps that transport material points over time. Col-
lectively, these maps form the diffeomorphism group Diff (M) of
the manifold, which provides a natural configuration space for fluid
flows. Time-varying fluid motions on M correspond to trajecto-
ries through this space, with trajectory velocities represented by
time-varying vector fields on M.

3.1.1  Flow maps and Eulerian velocities. In this work, the configu-
ration space of the fluid is modeled as the infinite-dimensional Lie
group of diffeomorphisms

Diff (M) = {¢: M — M | smooth ¢~ " exists} ¢ C*(M; M),

where M is a fluid domain with boundary oM. This group is a proper
subset of the space C*(M; M) of smooth maps from M to itself. Its
Lie algebra,

diff (M) = T, Diff (M) = {é € T(TM) | u tangent to oM},

consists of smooth vector fields on M satisfying the no-through
boundary condition on M. Right-translation dRy corresponds to
pre-composition with a diffeomorphism ¢: for a vector field i €
diff(M),

dRy (i) =t o ¢.

A time-dependent flow map is a smooth path ¢ — ¢; € Diff (M)
that assigns to each material point its position at time ¢t. The time
derivative ¢, = %qﬁ, is a tangent vector along this path, and can be
represented by a time-dependent vector field ii; € diff(M) via right
translation

G =1t o gr. 5)
This relation expresses the Lagrangian velocity ¢; of the flow map
in terms of an Eulerian velocity field #; defined on the fixed spatial
domain M. For simplicity of notation, we will omit the subscript
indicating time dependence when it is clear from context.

3.1.2  Incompressible fluid flows. To discuss incompressible fluid
flows on a manifold M equipped with a fixed volume form Vol,
we consider the distinguished subgroup SDiff (M) c Diff(M) of
volume-preserving diffeomorphisms,

SDiff (M) = {¢ € Diff (M) | det(d¢) = 1}.
Its Lie algebra consists of those vector fields in diff(M) that are
divergence-free, ie.,
sdiff(M) = {u € diff (M) | divii = & Vol = 0} C diff(M),

where %5 indicates the Lie derivative along #. Accordingly, the
velocities of incompressible flow maps in SDiff (M) admit a repre-
sentation as in (5) by right translations of divergence-free vector
fields @ € sdiff(M). This is illustrated in Figure 4.
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Fig. 4. The geometry of the Lie group SDiff (M). Here, the Lagrangian
velocity ¢ at ¢ € SDiff (M) is right-translated to the identity id, yielding a
representation by the divergence-free il € sdiff(M).

3.2 Fluids as Geodesics

The variational formulation of the incompressible Euler equations
follows Hamilton’s standard least-action principle, also known as
the stationary action principle, applied to the fluid body. For free
fluid motion, the action functional consists solely of the kinetic
energy of the fluid, and the path of the least action corresponds to a
geodesic in the space of flow maps.

3.2.1  Fluid flows on a Riemannian manifold. The metric on a Rie-
mannian manifold induces a volume form Vol which allows a treat-
ment of incompressible fluid flows. Recall that the kinetic energy of
a vector field # € sbiff(M) is defined as one-half of its L2 (M)-norm:

1. 1 N
—[jil* = -/ |ii|* Vol, (6)
2 2Jm

where |i|? denotes the norm of i with respect to the metric on M.
This kinetic energy defines a Riemannian metric on the Lie group
SDiff (M) that is invariant under right translation, i.e.,

9117 = lla@l®, whered=¢o¢™" (cf (5). ™

A geodesic in SDiff (M) is a path ¢: [0,T] — SDiff(M) that is a
stationary point of the squared metric length (i.e., action) functional

T 1,05
s@= [ Sk ®
0
where the Lagrangian is simply the kinetic energy of the fluid.

3.2.2  Variational characterization of incompressible Euler flows. It
turns out that stationary points of the action (8) satisfy the incom-
pressible Euler equation. To see this, consider a flow map ¢ = ¢; ¢ C
SDiff (M), depicted in Figure 5, that depends on both time ¢ and a
variational parameter €. Assume that ¢; ¢ satisfies the fixed endpoint
conditions ¢g.¢ = id and @7, = @T,o for all «.

It is convenient to express the Euler-Lagrange equation for S
in terms of velocity fields in Eulerian coordinates. To that end, we
express the partial derivatives qét,e = %‘ﬁt,e and (ﬁot,e = a%¢t,e by
Eulerian vector fields 4, € sdiff(M) via right translation as in (5),

. o
Pte = Ute © Pre,  Pre = Ute © Pree.
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e~ )
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SDiff(M)

Fig. 5. A depiction of the variational calculus on SDiff (M). The flow map
@ = @t depends on time ¢ € [0,T] and a variational parameter € € [0,1].
The SDiff (M) elements id = ¢ ¢ and ¢t denote fixed endpoints shared
between all variations, while the vectors ¢, ¢+, in the tangent space to
SDiff (M) at ¢ denote velocities of the flow map in the temporal and
parametric directions.

Computing the variation of the action (8) with respect to the volume-
preserving flow map ¢; ¢ then yields the expression

d Ty . 9 T e
E:0./0 5”¢t,e” dt:A. (<uau)>dt, (9)

T de
where (-, -) denotes the L? inner product between vector fields.
Further manipulation of (9) requires knowledge of the relationship
between the velocity vector fields associated with the ¢ and e deriva-
tives of the flow map ¢; . Since the te-coordinate vector fields 9/a¢
and 9/9e commute, it follows that

% (ﬁt,e ° ¢t,s) = % (5t,e ° ¢t,e)~

This implies the Eulerian expression

o
-

u+Vaﬁ=5+Vﬁ5,

where V is the Levi-Civita connection on the tangent bundle TM.
Since V is torsion-free, the difference of directional derivatives V;0—
Vi = [u, 3] is the Lie bracket of the vector fields # and 7, yielding
the relationship

i=5+ 7. (10)
Equation (10) is known as the Lin constraint, and expresses the e-
variation of the Eulerian velocity # in terms of the time derivative
of the Eulerian variation field ¢ and its Lie bracket with .
Using Eq. (10) and integrating by parts in time, the variation (9)
becomes

o T . T .
S= / (@15 + [@,5)) dt = —/ (@ + 2z a |8y, (11)
0 0

where it was used that dy ¢ and U ¢ vanish for variations with fixed
endpoints. Here, (|-)) denotes the dual pairing between 1-forms
and vector fields: {a |0) = /M(a | 7) dV. The flat operator b maps
a vector field i to its corresponding 1-form #” obtained via Riesz
representation, i.e., (i’ | 3) = (i, 3). The operator Le=—u,-]*is
the Lie derivative of 1-forms along the vector field i, which coincides
with the negative adjoint of the Lie bracket on vector fields.
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By the fundamental lemma of the calculus of variations [Huke
1931], a flow map is a stationary point of the action (8) under volume-
preserving variations with fixed endpoints if and only if (11) van-
ishes for all divergence-free vector fields o € sdiff(M). We con-
clude that the one-form i’ + s #? must vanish when paired with
any divergence-free ¢ € ker(div). Equivalently, its Riesz-associated
vector field must lie in the L2-orthogonal complement of ker(div),
which is dual to the space of exact one-forms. In other words,

i +. % e im(d).

Therefore, there exists a scalar function py,, acting as a Lagrange
multiplier enforcing incompressibility, such that the optimality con-
dition for the least-action principle becomes the Euler equations in
covector form

i+ i’ = —dpy. (12)

Using the fact that the Lie derivative % @ = (Vi + %V|ﬁ|2)b, this
is equivalent to the more familiar vector form of the incompressible
Euler equations,

i+ Vi = -Vp, (13)

. 1>
where the pressure is given by p = py, + 3 [ii|*.

4 REPRESENTATION ON HALF-DENSITIES

Several options are available for discretizing the theory of Sec-
tion 3.2, each with its own benefits and drawbacks. Our approach
will implicitly express the flow maps of fluid motions as linear
operators applied to a space of functions. The encoding of diffeo-
morphisms through linear operators on scalar functions is known
as the Koopman representation, which serves as a powerful tool
for modeling and simulation. It also appears in the functional maps
methods in geometry processing [Azencot et al. 2013, 2015], and
is employed in the functional fluids method for fluid simulations
[Azencot et al. 2014].

In this section, we introduce an adapted Koopman representa-
tion of the volume-preserving diffeomorphisms on the alternative
space of half-densities. After discretization, this has the advantage
of yielding operators in the standard orthogonal group.

4.1 Koopman representation

A (left) representation of a group G on a vector space V is a group
homomorphism from G to GL(V), the general linear group on V.
That is, a map p: G — GL(V) such that p(g192) = p(g1)p(g2) for
all g1,92 € G.

In the standard Koopman theory, the diffeomorphism ¢ € Diff (M)
is represented via the linear pullback action f + fo¢~! on smooth
functions f € C* (M), which is an element of the general linear
group GL(C*(M)). More precisely, the Koopman map

([17H*: Diff(M) = GL(C*(M)), ($™))'f=fog™",
forms a left representation for the diffeomorphism group, since

(Yo d)™H*f = (¢~ H)*(¢~1)*f for smooth functions f and diffeo-
morphisms ¢, .

Remark 4.1. The map f — f o ¢ is an equally valid group action,
leading to a right Koopman representation instead.

While the setting just described is a perfectly valid way to en-
code diffeomorphisms as linear operators, it is advantageous for
incompressible fluids to consider a representation on half-densities
instead. To that end, recall that the metric on an oriented Riemann-
ian manifold M induces a canonical volume form Vol.! This defines
an L?-inner product on functions f, h € C* (M) through integration
against Vol,

(. h)vor = /M FhVol.

A half-density then satisfies the following definition.

Definition 4.1. On an oriented Riemannian manifold M, a half-
density is an object with the local representation

F=fvolz, fec®m,

where Vol denotes a formal square root of the volume form, defined
so that the product of two half-densities yields a density integrable
over M.

The space of half-densities, denoted H D (M), is an infinite di-
mensional vector space similar to the smooth functions, but carries
a canonical pairing given by

(f.h) = /M fhVol. (14)

Note that the canonical pairing of half-densities coincides with the
L2-inner product {f, h)y, of the associated functions, providing a
useful link between these two distinct objects. In particular, H D (M)
admits a natural Hilbert space structure after L?-completion without
requiring an additional choice of inner product. Hence, the map

Byop: CX(M) > HD(M), fr fVolz =f,  (15)

sending a smooth function to its associated half-density, is an isom-
etry.

4.1.1 Linear operators on half-densities. Describing the proposed
Koopman representation on half-densities requires understanding
the linear transformations that act on them. The general linear group
over HD (M) is denoted by

GL(HD(M)) = {R: HD(M) 225 HD(M) | R is invertible}.
The (sub-)group of linear isometries of H D (M) preserving the
canonical pairing is similarly

O(HD(M)) = {R € GL(HD(M)) | (Rf, Rh) = (f, h)}.

Analogous to the Lie algebra so(n) = o(n) of the group SO(n) of spe-
cial orthogonal transformations of R”, the Lie algebra so(H D (M)) =
o(HD(M)) of O(HD(M)) consists of skew symmetric operators?.

!'The orientability assumption is not crucial to our theory. A non-orientable Riemannian
manifold also gives rise to a canonical volume form Vol regarded as a density (a de
Rham pseudo-differential form) rather than a differential form.

2The distinction between SO(H D (M)) and O(H D (M)) in the infinite-dimensional
setting is less apparent than in the finite-dimensional case of SO(n) ¢ O(n), as there
is no analogue of the determinant operation clearly separating O(H D (M)) into
connected components [Putnam and Wintner 1952; Kuiper 1965].



4.1.2  Koopman representation on half-densities. Similar to the Koop-
man representation on functions, there is an analogous representa-
tion of the diffeomorphism group

([17Y* : Diff (M) = O(HD(M)), [ (¢~H*f,

that acts on smooth half-densities f € H 9 (M). Using half-densities
as the target space has the noteworthy advantage of represent-
ing diffeomorphisms ¢ € Diff (M) with orthogonal operators in
O(HD(M)). In particular, for any half-densities f, heHD (M),

(@) F (6™ Ry = / G F ¢ h
M
- /M (fod~)(go ™) det(dp™") Vol
=/(¢-1)*(fth1>=/ Fhvol = (£, 7).
M M

meaning that (¢~1)* preserves the canonical pairing. This differs
from the usual case of smooth functions C*° (M), where the Koop-
man representation yields only invertible operators in GL(C™ (M)).

4.2 Group and Algebra Representations
In the case of fluids, Koopman operators represent fluid motions

through the advection of scalar functions. To that end, we define
the advection operator

Adv: Diff(M) —» O(HD(M)), ¢+ Advy,

which takes a diffeomorphism ¢ € Diff (M) to its Koopman repre-
sentation on half-densities. More precisely, for each ¢ € Diff (M)
and f € HD(M),

Advy f = (¢7D)*f.

It follows immediately from the Koopman representation that Adv
is a group homomorphism from diffeomorphisms to orthogonal
operators on half-densities, ie., for all ¢, € Diff (M) it holds that

AdV¢o¢ = AdV¢ ] AdVl// .

The Lie group representation Adv of Diff (M) induces a corre-
sponding representation for the Lie algebra diff(M) through its
differential at the identity:

adv = (d Adv)g: DIff(M) 220 so(HD(M)), advy = — ;.

That is, advy = — % is the infinitesimal advection of half-densities

f € HD(M) along the vector field .

4.2.1 Making the advection explicit. Just as the Lie derivative oper-
ators %% on C*™° (M) are skew-adjoint with respect to the L2-inner
product for any vector field i € diff(M), the operators adv;; are
skew-adjoint on half-densities f h € HD(M) with respect to the
canonical pairing. To see this, recall the Leibniz rule for the Lie
derivative,

Li(fh) = (L P h+f (L h).
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Integrating over M and applying Cartan’s formula .%; = dij; + 1;;d
immediately yields

(advy f. k) + (f. advg k) = - fM 23(Fh)

:—/ dtﬁ(fh\/ol):—/ fhig Vol
M oM

which vanishes, since either M has no boundary or # € diff(M)
satisfies no-through boundary conditions. Hence,

(adv f,h) =~ (f.advg b)),

verifying that advy; € so(HD(M)) is skew-adjoint.

In fact, it turns out that the infinitesimal advection is explicitly
computable: using the Leibniz rule and %% Vol = div(ii) Vol, observe
that

% f = La(fVol?) = df (ii) Volz +f %5 Vol? .

Since differentiating Vol = (VOI% )2 yields #; Vols = % div (i) Volé,
rearrangement in view of f div(#) = div(fu) — df(u) provides the
concrete expression

advy f = — 5 f = —1(df (@) + div(f@)) Vol . (16)

In particular, when # € sdiff(M) is divergence free, it follows from
(16) that

advy f = —df (@) Vol = (- %; f) Vol
meaning half-densities are infinitesimally advected identically to
scalar-valued functions.

It will be important to note that the infinitesimal Koopman repre-
sentation adv : diff (M) — so(H D(M)) is not surjective, ie, not all
skew-adjoint operators on half-densities are of the form adv;; for
some vector field # € diff(M). This is illustrated by Figure 6 and
the following example.

Example 4.1. Letﬁ,fg € HD (M) be two orthonormal half-densities,
and define

B(f) = (£ /i) o= (f.2o) fi-
Then B is skew-adjoint and hence lies in s0(H D (M)). However, B
does not arise from any vector field u € diff(M), since operators of

the form — ¢ act locally on half-densities, whereas B depends on
global inner products and is therefore nonlocal.

The fact that im(adv) € so(HD(M)) and only a small fraction
of skew-adjoint operators represent fluid velocities is critical for
formulating an appropriate discretization using Koopman represen-
tations. We will next show that generating realistic fluid behavior in
the discrete setting requires respecting the “smallness” of im(adv),
even if its homomorphism property cannot be exactly preserved.

5 SPATIAL DISCRETIZATION

Motivated by the previous section, we will discretize fluid motions
through their action on a finite-dimensional space of rotation ma-
trices arising from a corresponding discretization of half-densities
on M. An appropriate least-action principle then provides a path
through these matrices representing the incompressible Euler equa-
tion (13). In this way, flow maps describing fluid motions become ro-
tation matrices acting on (the coefficients of) discrete half-densities,
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Fig. 6. Anillustration of the Lie algebra s0(H D (M)). Each vector field ii €
[ (TM) = diff (M) corresponds to a skew-adjoint Lie derivative operator
advy = — % € so(HD(M)), but not every skew-adjoint operator B €
so(HD(M)) takes this form.

and vector fields become skew-symmetric matrices which act in-
finitesimally. Much like the image of adv is a proper subspace of
the space so(HD(M)) of all skew-symmetric operators on half-
densities, our finite-dimensional subspace representing velocity
fields will also form a proper subspace of skew-symmetric matrices.
But, unlike the infinite-dimensional setting, it will prove not to be a
Lie algebra.

5.1 The discrete function space

First, the space of scalar functions C* (M) is replaced by a finite
dimensional vector space ¥ of dimension F € N,

F c H' (M) c L*(M). (17)

Here, the Sobolev space H (M) contains L?(M) functions whose
first (weak) derivatives also lie in L?(M). This choice is natural, as
L2(M) is the completion of C* (M) under the L? metric, and first
derivatives are required to treat vector fields as discrete derivations.
An example of ¥ is the piecewise linear finite element space over a
triangle mesh with F vertices.

Letting {(pi}f: , denote a basis for ¥, each function f € ¥ is
represented by a vector f = (fi,..., fr)T € RF of coefficients via its
basis expansion

F
FG) = fioi(x). (18)
i=1

The vector space ¥, and its coefficient space R, inherit an inner
product structure from the L? metric on M. Specifically, define the
symmetric positive definite mass matrix M € RFXF by

[Mli; = (g1 0y) = /M g1 Vol. 19)

Then, the inner product between finite-dimensional functions f, h €
F is given by
(f,h) = £7Mh. (20)

5.2 Discrete half-densities
Applying the map defined in Eq. (15) to the basis {(pi}le of ¥, our
discrete function space is mapped to a corresponding space F of
discrete half-densities with an associated basis {@; = ¢; Volz }le.
Note that the coefficient vector f represents both f € ¥ and f € F
in their respective bases.

Analogous to the continuous setting, the canonical pairing (Eq. (14))

for discrete half-densities f heFis given by

(f.h) = (f.h) = £ Mh.

for f,ﬁ € F. It will be useful to change bases for F so that this
pairing becomes simpler. To that end, observe that any f € ¥ has
the expression

F F F
F =3 fipi) = Y MM 2110, (0) = Y fidi(x),
i=1

ij=1 i=1

in terms of the convenient change of coordinates

F
Z zj(l’j = q)l

Conveniently, this choice orthonormalizes the coordinates with re-
spect to the new half-density basis {®; }inl and reduces the canonical
pairing to the standard Euclidean dot product, i.e.,

N\»—
"'“u
S)

f—- M

F F
(fh) =D (@i®;)fihj = ) 8ifihj = 7h,

ij=1 ij=1

where 6;; denotes the Kronecker delta tensor which is one when
i = j and zero otherwise.

5.3 Discrete flow maps

As mentioned previously, the goal is to use the Koopman represen-
tation, developed in the previous section, to implicitly discretize the
flow maps of fluid motions by instead discretizing their action on
half-densities. To that end, consider SO(¥F), the identity component
of the finite-dimensional space of orthogonal transformations

O(F) = {R € GL(¥) | (Rf.RR) = (f.h)}.

It will be convenient to identify the space SO(F) which acts on
finite-dimensional half-densities with the space SO(F) acting on
their coefficients. To accomplish this, consider the Lie group iso-
morphism defined by

R (R®;, @) = [R];;. (21)

which sends a linear transformation R € SO(7~:) to its correspond-
ing matrix representation R € SO(F). To check this, note that {®;}
is a basis for ¥, so that R®; = Zj«?{(i)i,(f)j))&)j =2 R;;®; for
the matrix R of coefficients above. It immediately follows from the



definition of O(¥) that

F
(RD,RD;) = > [R][R] b, B)

and therefore RRT = I as expected. This ensures that SO(F) provides
a meaningful representation space for fluid motions in terms of their
action on the coefficients of discrete half-densities.

5.4 Advection by discrete velocities

Now that half-densities and flow maps have been discretized, it
remains to discretize the space of velocity fields and describe how
they act on discrete half-densities. To that end, the space of square-
integrable vector fields L?(M; TM) satisfying the no-flux boundary
condition is replaced by a finite dimensional vector space

YV ¢ Hy(div, M) c L?(M;TM),

where Hy(div, M) denotes the space of vector fields on M with
divergence lying in L?(M) and satisfying the no-flux boundary
condition in the trace sense. An example is given by the usual
Raviart-Thomas finite element space with an essential condition
enforcing tangentiality to the boundary [Raviart and Thomas 1977].

Letting V = dim“V and {1,/71, I,ZV} be a basis for V, each velocity
field ii € V is represented by a vector u = (uy,...,uy)T € RV via
its basis expansion

v
i(x) = ) ui(x).
k=1
Similar to the case for discrete functions, the vector space V inherits
an inner product structure from the metric on L?(M; TM). Defining
the symmetric positive definite mass matrix K € RV*V by

(Kt = [ i Vol 22
M
the inner product between vector fields %, 3 € V is given by
{4, 7) =uTKv.

How should we represent the infinitesimal advection of half-
densities by finite-dimensional vector fields i € V? One reasonable
choice comes from the previous formula (16) for the continuous
infinitesimal advection adv; = —_%;. Specifically, consider the

mapping

A:V = s0(F), i (B advy ;)

which sends a vector field # to the Galerkin projection of its negative
Lie derivative on the chosen basis {®;} for discrete half-densities.
Similar to the case of F before, it is convenient to identify the
function space V = RY with its coefficients in the {z/_/)k} basis, so
that advy; is given the alternative representation

A: RV g SD(F), u— <(<i>,~,adv,; (i)J>> = ﬂa.
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To compute a useful expression for this mapping, first observe that
the right-hand side expands to

|4
. - _1 N . -1
(@i, 25 ®j) = - Z M™2 ] (@r, L5 @) M7 2]y
k=1
Applying (16) along with integration by parts, the inner pairing
simplifies to

<<¢k> L1 >> = % A/[ Pk (dqal (ﬁ) + diV(@ll_i)) Vol
- % /M (¢ox do1 (i) — @y doy () Vol,

where the boundary term vanishes since # € diff(M) is tangent to
&M. Putting this together, the discrete advection operator A: RV —
so(F) takes the computable form

\4
U Ay, Ag = Ay (23)
k=1

in terms of the basis-dependent tensors

[Cklyj 1=/M<Pid<ﬂj(le)Vol,

_1 _
Ap=Az = -3 M2 (C - C] )M

ol

Remark 5.1. Similar to the continuous
case, one should note that im(A) € so(F) is
a relatively small subset of the ambient Lie
algebra. Unlike the continuous case, how-
ever, the subspace im(A) is not a Lie subal-
gebra, and, as such, the map A is no longer
a Lie algebra homomorphism. In fact, part
of this is a property of discretizing the half-
density space HD (M) (or the function space C*°(M)). Consider the
map A: biff(M) — so(F), analogous to A: V — so(F), sat-
isfying [ﬁ(ﬁ)]w = (®;,adv; ®;) for each ii € bdiff(M). Then,
im(A) c so(F) is still not a Lie subalgebra, meaning that the com-
position of A and the inclusion RY = V < diff(M) comprising A
is not either. This troublesome fact is further demonstrated in Exam-
ple 5.1.

Example 5.1 (Not a Lie algebra homomorphism). Consider two
linearly independent vectors il,0 € V. It follows that

[A; Al = Az Ay — Az A

= Z((‘ih', advy; ®s ) (s, advy ;) — (i, advy s ) (D5, advy; @;)
= Z((adva @;, Bs ) (D5, advy; @) — (advy; Di, s ) (D, advy ;)
* <(adv;, (iJi, adVa ‘i>j >> - <<adVa ‘i>i, adv;, Ci’j >>

= (@, [advg, adv5]®;) = (Diadv(z 5 D)) = Az,

where the two separate integrations in [Aj;, Az] are not equivalent
to the one in Az 71. Therefore, A : RY — s0(F) is not a Lie algebra
homomorphism.
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Note that this discussion of advection and its discretization has
been general to the entire diffeomorphism group Diff (M) and its Lie
algebra diff (M). However, incompressible fluids are restricted to the
proper subspace SDiff (M) and the associated Lie algebra sdiff(M)
of divergence-free vector fields. To that end, we also consider a
finite-dimensional space of incompressible vector fields

Vay ={i € V | divii=0} ¢V,

which is contained in the finite-dimensional space V of vector
fields previously defined. Identifying Vy;, with set of coefficients
similarly to before, a vector field # € ‘Vj;, can be represented as
a vector u € Vg, € RY. The corresponding advection operators
A : Vi — s0(F) and A : Vg, — $0(F) are then defined through
simple restriction,

A = Al vy, A= Aly, -

For convenience, Table 1 provides a dictionary between the contin-
uous objects of relevance and their discretizations in the present
framework. The complementary diagram Figure 7 displays the re-
lationship between the continuous Koopman representation adv :
diff (M) — so(HD(M)) and its analogy u +— Ay in the discrete
setting.

Table 1. Discrete and continuous notations.

Continuous Theory Finite Dimensional Theory ~ Discrete Theory

fec®(M) Nifivi € F feRrF

f e HD(M) i fidi ej’ f e RF

Advy € O(HD(M)) R € SO(F) R € SO(F)

i € biff(M) Ykt € V uerY

ii € sdiff (M) Sk urVi € Vaw ue Vg, cRY

adv : Diff (M) — so(HD(M))
adv : sdiff (M) — so(HD(M))

A:V — so(F)
A Vyiy — s0(F)

A: RY = so(F)
At Vgy — so(F)

6 EQUATIONS OF MOTION

Having established a representation for the configuration space
SDiff (M) of incompressible fluid motion on the special orthogonal
operators in SO(H D (M)), it is now prudent to derive the equations
of motion governing the discretized fluid. It turns out that these
vakonomic equations are naturally posed on a sub-Riemannian man-
ifold, where the metric is only defined on a part of each tangent
space. These equations admit a variational interpretation leading to
a Lax system with provable conservation properties.

6.1 Sub-Riemannian structure

To discuss the variational setting we consider, first observe that the
discrete mass matrix K on the velocity space V = R induces an
inner product on the image of the discrete infinitesimal advection
operator

im(A) € so(F) = T,4 SO(F),
by identifying elements of im(A) with their corresponding velocity
coefficients. Explicitly, for u, v € V, we define the inner product on
im(A) through
(Au,Av)k = uTKy, (29)
so that the discrete adv map u +— A, is an isometry onto its image
with respect to K.

Remark 6.1. Note that the K-metric (-, -)x is generally quite dif-
ferent from the Frobenius metric -, -)pop- In particular, orthogonal
vector fields in Vg, with coefficients u, v € Vg, will generally satisfy
(Au, AV>Frob #0.

To set up a variational problem on Vy;,, we require access to the
K-metric on any tangent space Tr SO(F) to the discrete group. To
that end, consider the set of matrices X € im(A) right-translated by
flow map elements R € SO(F), i.e.,

Dr = {XR | X €im(A)} c Tr SO(F). (25)

Since the right translation X +— XR is smooth, this defines a smooth
distribution D c T SO(F) properly contained in the tangent bundle
to SO(F) and illustrated in Figure 8. This enables an extension of
the inner product (-, -)g on im(A) to each fiber Dy using right
invariance: for all XR, YR € Dg,

(XR, YR)g = (X, Y)k. (26)

Together, the right-invariant distribution O and the right-invariant
inner product (-, -)x defined above endow the Lie group SO(F)
with a sub-Riemannian (or Carnot—Carathéodory) metric [Gromov
1981] whose admissible directions are constrained to lie in 9. The
triple (SO(F), D, (-, -)x) forms a so-called sub-Riemannian mani-
fold [Montgomery 2002]. Accordingly, notions such as the distance
and energy of curves associated to this metric are defined only
through admissible paths, i.e., curves whose tangent vectors lie in
the distribution D at every point.

6.1.1 Flat and Sharp. It remains to specify how K restricts to the
Lie algebra sdiff(M) of divergence-free vector fields. Consider the
inclusion of Vg, in RY given by 1: Vi, < RV Its dual map is the
restriction

FrR) S VL S = g,
which restricts a covector @ on the ambient coefficient space to
act only on the coefficients corresponding to divergence-free vec-

tor fields. The kernel of this restriction operation is equal to the
annihilator

Vo, =ker(i") = {i e (RY)" | d(w) = 0 Vu € Vg },

containing those covectors which are zero on all of V. It follows
that the image covector space
* ~ V% o
Vdiv =(R") /Vdiv’
is isomorphic to the domain modulo the kernel of i*, providing a
discrete analogue of the statement

shiff(M)* = Q1(M) /dQ°(M).

Consider now the restricted advection operator A = Aou: Vgj, —
so(F). An identical argument to the above yields the equivalence

im(A)* = so(F)* / im(A)°,
so that covectors dual to elements in im(A) may be represented by
cosets Z +im(A)° C so(F)* in the dual space, defined only up to
the addition of elements in im(A)°.

The discrete analogue of pressure projection on the covector side
is restriction to admissible directions via the adjoint map

A*: sp(F)* — V7 Z+— A*Z.

div’
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Fig. 7. Discretizing the advection operator adv : diff (M) — so(HD(M)). A divergence-free field 2 € <V is identified with its coefficients u € Vg;,. The
Galerkin projection Aj; of adv; on the half-density basis defines the fully discrete advection map u = A, € so(F) via Ay = Aj.

X=X

(right-translation) D C TSO(F)
Fig. 8. The nonintegrable distribution D defined by im(A) c so(F). Right-
translation of X € im(A) yields elements XR € Dg of the partial tangent
space Dr C TrSO(F) forming the distributional fiber at R € SO(F).

This is most easily understood as a two step process using A* = 1* o
A” (see Figure 9). First, A" maps the coset representative Z € so(F)*
to its image A*Z in the dual coefficient space (R")*. This image
is itself part of a coset, i.e, A*Z represents an equivalence class
defined up to the addition of elements in V3 . The adjoint ;*(A*Z)
then collapses this class to a covector A*Z on the space V. where
the K-metric is defined. Finally, this can be used to define a sharp
map in the dual space so(F)*:

#:=AK 'A*: s0(F)* — im(A) C so(F),

where Z# € im(A) depends only on the class of Z modulo im(A)°.
Notice that there is no corresponding flat b on $o(F), since # is only
injective on cosets Z +im(A)° C so(F)*.

Notice that this sharp map also contains the familiar pressure
projection used in fluid simulation. To see this, recall that the metric
K on RY induces a Riesz isomorphism between the velocity coeffi-
cient space and its dual. Then, for any u € Vy;, and any v € R it
follows that

(Kv |i(u)) = vTKi(u) = (i'v)TKu = (w, ),

where it : RV — Vy;, is the metric adjoint of the linear map i and
W € Vyjy is the div-free vector field with coefficients w = iTv. It
follows from L2-orthogonality that ifv = iT (v+a) for any coefficient
vector a corresponding to a gradient field Vf € V, and therefore

it is precisely the K-orthogonal pressure projection on velocity
coefficients. Given a discrete divergence operator D whose domain
is RV and considering its metric pseudoinverse D*, this works out
to

i'v=(1-D*D)v=v-K 'DT(DK"!DT)"'Dv.

ker{div) = im{:)

e

ker(e*) = im(e)®

At

Fig. 9. The relationship between the discrete advection A and its adjoint
A* as a commutative diagram. Any coefficient vector u € Vg, maps to
a unique skew-adjoint operator Ay € so(F). Similarly, any coset Y =
Z +im(A)° c so(F)* represented by Z € so(F)*/im(A)° maps to a
unique element A*Z € Vi, These mappings are related by the sharp
operator # : s0(F)* — imA, which maps a coset Y to the unique Ay
associated to v = K" 1A*Z.

6.2 Vakonomic variational principle

The next goal is to construct a variational problem on the sub-
Riemannian manifold (SO(F), D, (-, -)x) whose solutions represent
discrete incompressible Euler flows. To determine the relevant equa-
tions of motion, we seek stationary paths R: [0, T] — SO(F) of the
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constrained action functional
Ty, .
S(R) =/ 5|R|§<dt, st. Re Dg. 27)
0

Observe that the velocity R is constrained to fiber Dy of the dis-
tribution D at each point in time, reflecting the sub-Riemannian
character of the problem.

Since the action functional Eq. (27) is right-invariant by construc-
tion, it has an equivalent expression on the Lie algebra so(F),

T
S(R) = / %Ile(dt, X =RR! € im(A). (28)
0

Note once again that the image of the discrete infinitesimal advec-
tion im(A) ¢ im(A) € so(F) is not a Lie subalgebra, so that the
reduced variational problem is nonholonomically constrained.
Now, suppose Ris an arbitrary variation of R: [0, T] — SO(F)
with fixed endpoints. It defines a corresponding reduced varia-
tion Y := RR™! € sp (F) through right translation, which is not
necessarily constrained to im(A). As be-
fore, the induced variation 5.( of the body
velocity X is given by the Lin constraint

X=Y-[XY] (29)

which similarly takes values in the full Lie
algebra so(F). To make sense of expres- \ = - 1/

sions such as “(X, )O()K” which will appear in the variation of S,
we extend the inner product (-, -)x on im(A) to an inner product
(+, )¢ on s0(F) which agrees with (-, -)x on im(A). For instance,
choose any subspace W C so(F) transverse to im(A), so that
so(F) = im(A) ®W is a direct sum. Then, equip W with an arbitrary
inner product, and declare this decomposition to be orthogonal. It
follows from Riesz representation that, for any X € im(A), there
exists a covector
Xb = (X, >f( S SD(F)*,

depending on the extended metric (-, -)z. However, observe that the

action of X” on any X e so(F) is given by
X" (X) = (X, Xg = XXk

where )0(” € im(A) denotes the orthogonal projection of X into
im(A). It follows that the map X - XP ()O() is always im(A)-valued,
since X" automatically discards the components of X transverse to
im(A).

While the introduction of an extended metric may seem incon-
sistent with the vakonomic point-of-view, it will soon be shown
that the resulting equations of motion do not depend on any metric
information from outside the distribution D.

6.2.1 Vakonomic equations of motion.
Deriving equations of motion from the
constrained reduced action Eq. (28) re-
quires imposing the constraint X €
im(A). To that end, consider the W-
valued linear mapping

0:s0(F) > W

which represents orthogonal projection (with respect to the ex-
tended metric K) of elements in the ambient Lie algebra onto
W C s0(F). By definition, it follows that the kernel ker = im(A)
of 0 is the complementary subspace im(A), and therefore the admis-
sibility condition X € im(A) is equivalent to §(X) = 0. This enables
the use of a Lagrange multiplier a: [0,T] — W* to formulate an
unconstrained equivalent to Eq. (28),

~ T 1 -1
S(R,a):/o (§<x,x>f(+<a|9(x» dt. X=RR™!, (30)

which can be directly differentiated to yield the vakonomic equa-
tions of motion given in the Theorem below.

Theorem 6.1. A path (R, &): [0,T] — SO(F) x W* is stationary for
the augmented action in Eq. (30) under variations with fixed endpoints
for R if and only if the pair (X = RR™1, a), satisfies the equations

{(a%+ad§()(xb+9*a) =0, 61

0(X) = 0.

Here, 0" : W* — s0(F)* is the dual of 0, and ady : s0(F)* — so(F)*
is the dual of the adjoint map adx = [X, -].

ProoOF. Variations of Eq. (30) with respect to @ immediately imply
stationarity if and only if 6(X) = 0, yielding the second equation
in Eq. (31). For variations of R with fixed endpoints, set Y := ﬁR‘l,
so that Y(0) = Y(T) = 0, and X = Y — [X, Y] by Eq. (29). The first
variation of the augmented action (30) with respect to R becomes

4
de

T
/ 10Xy e Xeo)g + (@] 0(Xe.0)) di
e=0J0
T o o (29) T b X
:/ (X, X)g + (0" |X) dt :/ X0+ 0% |Y - [X,Y]) dt
0 0

T
:/ (~(2 +adl) (X" +0%a) | Y) dr,
0

where the last equality follows from integrating the Y term by
parts together with the fixed endpoint conditions Y(0) = Y(T) = 0.
Since Y € so(F) is arbitrary, we obtain stationarity if and only if

% +ady) (X? + 0*a) = 0 in the dual space so(F)*. m|

Crucially, after making the substitution
Z=X"+0%q,
Theorem 6.1 establishes the coadjoint equation on so(F)*,
Z+adyZ=0. (32)

Note that the difference Z — X € im(A)° lies in the annihilator
of im(A). Consequently, Z and xP represent the same equivalence
class in $0(F)*/im(A)°. Therefore, it follows from the discussion
in Section 6.1.1 that X and Z# agree on the image of A, i.e,

X =7 € im(A). (33)

Substituting Eq. (33) into Eq. (32) yields a closed vakonomic evolu-
tion on so(F)*:
Z+ ad), Z =0. (34)



Remark 6.2. While the definitions obe and 0*a depend on the
chosen metric extension -, -)z, the evolution Eq. (34) for Z € so(F)
is independent of it. This follows from the definition of the sharp
operator f = AK~1A* (Section 6.1.1) which does not require metric
information from outside the subspace im(A), consistent with the
vakonomic perspective.

We now show that Eq. (34) can be expressed as a matrix Lax
equation, yielding a well behaved isospectral evolution. It is conve-
nient to identify the dual space so(F)* = so(F) with the Lie algebra
itself through the usual Frobenius pairing. With this, the follow-
ing Lemma provides an explicit representation for the coadjoint
operator.

Lemma 6.1. Let s0(F)* = so(F) be the identification using the
Frobenius inner product (Z,Y)gyop = tr(ZTY) on so(F), i.e., the dual
pairing is
(Z1Y) = {Z, Y)Frob-
Then the coadjoint action ady associated with adx = [X, -] satisfies
ady Z = -[X,Z], X,Z € so(F).

Proor. Consider an arbitrary W € so(F). Using the definition
of the dual map along with XT = —X, we compute
(ady Z| W) = (Z] adx W) = (Z, [X, W])prop
=({Z,XW = WX)pob = (XTZ = ZXT, W)prop

= ~(XZ - ZX, W)prob = (= [X, Z], W)prop = (-[X. Z] | W).

It follows immediately that ad;‘( Z = —[X,Z], as desired. m]

Substituting the result of Lemma 6.1 into the evolution equation
Eq. (34) yields a matrix Lax equation on so(F):

7 =[z% 7. (35)

6.3 Casimirs of motion and Noether charges

The vakonomic equation of motion (34) or (35) relates two equiva-
lent sets of conservation laws. The first describes conservation of
the spectrum of Z, while the second provides a discrete version of
Kelvin’s circulation theorem, stating that the circulation along every
loop transported by the flow is a constant of motion.

6.3.1 Isospectral Property. The Lax equation (35) is isospectral, i.e.,
the spectrum of its solutions are constant along in time. This prop-
erty is satisfied by any system of the form

(Lemma 6.1)

Z(t) = [X(1), Z(1)], = Z(t) = —ad

X ()
where X: [0, T] — so(F) is an arbitrary path on so(F). The solution
Z(t) to (36) is explicitly given by a similarity transformation of Z(0):

Z(1) =R(1)Z(0)R(1)T, (37)

Z(1), (36)

where R: [0,T] — SO(F) is the solution to R(t) = X(t)R(t) with
initial condition R(0) = id. Therefore, the spectrum of Z is preserved
over time.

Observe that the conservation of moments of Z(t) is both a neces-
sary and sufficient condition for solving the Lax equation (36). This
follows since any smooth path Z(t) with conserved moments must
also have conserved spectrum, implying that Z(t) is similar to Z(0)
(cf. (37)). Thus, Z(t) satisfies (36) for some X(t). This equivalence
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between (36) and moment conservation can be understood through
Casimir invariants, which are distinguished phase-space functions
constant along coadjoint orbits. The even moments

te(Z2),tr(Z4), ..., te(Z2LF/2))

represent a complete set of Casimir invariants on so(F)*, with in-
tersections of their level sets equal to the coadjoint orbits defined by
(36). That is, the conservation of these Casimirs along a path Z(t)
is equivalent to the evolution Z(t) = — ad;‘(( 1 Z(t) by coadjoint
actions.

6.3.2 Discrete Kelvin’s Circulation Law. In the continuous setting,
Kelvin’s circulation law states that the circulation along every mate-
rial loop is a constant of motion. The vakonomic evolution equation
(34) (or (35)) satisfies a discrete analogue of the circulation law sim-
ilar to (but stronger than) that in [Pavlov et al. 2011].

To state this precisely, recall that the path X: [0,T] — so(F)
in (36) represents the velocity field of a discrete fluid motion if it
takes values in the space im(A) C so(F) of discrete divergence-
free fields, i.e. X: [0,T] — im(A). We define a discrete loop to be a
discrete divergence-free field Y € im(A) C so(F). This is analogous
to the continuous setting, where a loop is a smooth closed curve,
embedded in the fluid domain, that can be identified with a closed de
Rham current via the limit of a divergence-free vector field. A time-
dependent discrete loop Y(t) is said to be transported by the flow
of X(t) if it satisfies the Lax equation Y(t) = [X(t), Y(¢)]. However,
note that im(A) is not closed under Lie brackets, meaning that most
loops Y flow out of the space im(A) under this evolution equation.
Therefore, the definition of a discrete loop is extended to include
elements of s0(F), or the Lie-algebraic closure of im(A).

Given a covector Z € so(F)*, the circulation of Z along the dis-
crete loop Y € so(F) is just the evaluation pairing (Z|Y). So, a path
Z: [0,T] — so(F)*satisfies Kelvin’s circulation law with respect
to the flow of X: [0, T] — im(A) if the circulation (Z(t)|Y(t)) =
(Z(0)|Y(0)) is independent of ¢ for all loops Y: [0,T] — so(F)
transported by the flow, i.e., for all loops satisfying the Lax equation
Y(t) = [X(t),Y(t)]. This leads to the following result describing
how the vakonomic system (34) obeys this version of Kelvin’s cir-
culation theorem.

Theorem 6.2. The following statements about a pathZ: [0,T] —
so(F)* are equivalent:
(i) Z satisfies the Lax Equation (36) for some X: [0, T] — im(A);
(it) Z satisfies Kelvin’s circulation law with respect to the flow of
someX: [0,T] — im(A).

ProOF. Let Y = [X, Y] be a loop advected by the flow. Observe
that the derivative of the evaluation pairing is
HZI) =ZIV+ZIY)
=(Z|Y)+(Z|[X.Y]) =(Z+ad} Z|Y).
This quantity vanishes for all Y if and only if Z satisfies (i), in which

case Z also satisfies (ii). O

Remark 6.3. Note that Theorem 6.2 is strictly stronger than the
corresponding result in [Pavlov et al. 2011, Theorem 2]. There, it is
proved that (Z|Y) is constant in time for all loops Y that are weakly
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advected by the flow, i.e., such that (B|Y) = (B|[X,Y]) for all
B € im(A)*. This can be interpreted as a weak version of Kelvin’s
circulation law, with weakness stemming from the LdA formulation
that solves only a projected Lax equation.

Notice that Theorem 6.2 can also be understood as a Noether the-
orem associated with the discrete particle-relabeling symmetry, in
direct analogy with the continuous Euler equations. More precisely,
the vakonomic action (27) is invariant under the action of the rela-
beling group SO(F) on discrete fluid configurations. By Noether’s
theorem, this symmetry yields a conserved quantity that can be
identified with the momentum R™1ZR. In this case, it is straightfor-
ward to check that the evaluation pairing (R™!ZR|R™'YR) = (Z|Y)
is conserved for any Y advected by the flow.

Remark 6.4. The equivalency in Theorem 6.2 implies that the even
moments tr(Z?), . .., tr(ZzLF/ZJ) are time-independent. The converse
is almost true: when the even moments are constant in time, the flow
velocity X is guaranteed to take values in so(F) but not necessarily
inim(A). This can be interpreted as transportation by a generalized
flow that perhaps not too different than the ordinary case due to the
failure of im(A) to close.

6.4 Hamiltonian Formulation

Another noteworthy advantage of the vakonomic equation (35) is
its admission of a Hamiltonian formulation. To see this, recall the
modern Hamiltonian formulation of the general Euler-Arnold sys-
tem, describing geodesic flows on a Lie group G equipped with a
right-invariant metric. Making an appropriate variable transforma-
tion, the geodesic equations on G can be written as a Hamiltonian
flow on the dual space g* of the Lie algebra g = T, G with respect to
the canonical Lie-Poisson structure:

{F,G}z =(Z| [dFz,dGz)), Zeg", F,G e C™(g"). (38)

This flow, given with some abuse of notation by 7= {Z, H} or, equiv-
alently, Z + ad};,; Z = 0 for a distinguished function H € C*(g")
called the Hamiltonian, is understood as the result of Poisson reduc-
tion, i.e., the phase-space analogue of Euler-Poincaré reduction by
symmetry (see, e.g., [Marsden et al. 1997]). Moreover, the fact that
Hamilton’s equations of motion generate coadjoint orbits implies
that solutions always preserve distinguished phase-space invariants
known as Casimirs. Concretely, recall that Casimirs are those func-
tions C € C*(g*) that Poisson-commute with all other functions,
ie, {C,F} = {F,C} = 0 for all F € C®(g"). It follows that under
Hamiltonian evolution,

Cz =(2]dCz) = ~(adyy Z|dCz)
=—(Z|[dHz,dCz]) = {C,H}z =0,

and any Casimir invariant is preserved along the flow. Observe that
these Casimirs satisfy

(Lemma 6.1)
—

adj, Z=0 [dCz,Z] = 0,

so that their derivatives commute with Z. Therefore, the Casimirs
of the Lie-Poisson structure are precisely smooth functions of the
spectral invariants discussed before.

Specializing this discussion to the current vakonomic system,
observe that the coadjoint equation (32) coincides with Hamilton’s

equations for the Hamiltonian
1
H(Z) = (| ", Z e so(F)*. (39)

In particular, (39) is simply the kinetic energy %(R, R)k expressed
in the momentum variable Z € so(F)*.

Remark 6.5. More geometric intuition for the Hamiltonian (39) can
be gained by noting its expression as the pullback H = h o A*, where
h e C®(Vy, ) isthe energyfunctionalh(\i) = %VT Kjlv. In particular,
H is constant along translations in ker(A*) = im(A)° and descends
to a nondegenerate quadratic form h under the quotient by ker(A*).

6.4.1  Vakonomic as limit of holonomic. 1t is worth mentioning that,
despite the degeneracy of the right-invariant metric K, it turns out
that the right-invariance of the distribution D can be used to admit
an interpretation of the vakonomic Hamiltonian system as the limit
of a holonomic Hamiltonian system (cf., [Abanov and Khesin 2025]).

To see this, extend the metric K on D to a one-parameter family
of right-invariant metrics K¢ on SO(F) as follows. For each ¢ > 0,
define the metric (-, -)¢. to agree with (-, -)x on the distribution D
and satisfy (YR, YR)y. — oo as e — 0 for any YR ¢ Dg. Equiv-
alently, it is enough that the K¢ and K metrics agree on im A and
(Y. Y)ge D coforY¢ im(A). In the limit ¢ — 0, any path R with
finite length is therefore forced to satisfy R € Dg.

For ¢ # 0, the (holonomic) Euler-Arnold equation for geodesics
on (SO(F), (-, -)g-) takes the form

7+ ad), Z=0, Zeso(F), (40)

with #,: Tz SO(F) — Tr SO(F) denoting the sharp operator for
the extended metric K. The corresponding group trajectory R is
obtained from R = Z#R. Notice that (40) is a Hamiltonian flow
on s0(F)* with respect to the standard Lie-Poisson bracket (38)
Specifically, it can be written as Z = —Xp« |z where the Hamiltonian
vector field is given by Xge = {H?, -}, and the Hamiltonian is

H(2) = 2(Z|Z"), (a)

in analogy with the nonholonomic Hamiltonian formulation just
derived.

An advantage of this Hamiltonian formulation is that the singu-
lar limit ¢ — 0 is well behaved. Although the metric (-, )z, and
associated flat operator b, diverge in this limit, the sharp operator
fe converges to a well-defined object

o = AK 1A =, (42)

which agrees with the vakonomic sharp. Consequently, the Hamil-
tonian (41) also converges to the vakonomic version (39), showing
that the vakonomic equation (34) arises as the singular limit of the
(holonomic) Euler-Arnold equation (40).

7 COMPARISON TO OTHER STRUCTURE PRESERVING
METHODS

Before discussing how the vakonomic equations of motion (34)

are simulated, it is worth discussing their relationship to other

structure-preserving discrete fluid schemes in the current literature.



This section discusses the equations arising via the complemen-
tary Lagrange—d’Alembert (LdA) principle in some detail, briefly
surveying other closely related work.

7.1 Comparison to the Lagrange—d’Alembert principle
Recall that the LdA approach to fluid simulation enforces the non-
holonomic constraint R € Dg on the configuration variable by
restricting the admissible virtual displacements ReDcCT SO(F)
to lie in the constraint distribution. After reduction, this means that
Y =RR!e im(A) must lie in the image of the discrete advection
operator.

Concretely, let R : [0,1] — SO(F) have reduced body velocity

X := RR™! € im(A). A variation R with fixed endpoints induces a
reduced variation X satisfying the Lin constraint (29) in terms of
Y = RR™!. Enforcing that Y € im(A) in accordance with the LdA
principle, the first variation of the reduced kinetic energy computes

to
Tl ) T .
—1Xy, |Adt=/ (X, X)p dt
€:0</0 2 K 0 K

T T
=/ <x"|Y-[x,Y]>dt=/ (~(Z +adi)X’ |Y)dt, (43)
0 0

d
de

where b is understood with respect to the extended metric K from be-
fore. Since Y € im(A) C so(F) is no longer arbitrary but constrained
to a subspace, (43) implies only that the one-form (% + ad;‘()Xb
vanishes on im(A). Equivalently, there exists a reaction force F €
im(A)® in the annihilator subspace satisfying

X’ +ady X" = F. (44)

Notice that this reaction force is a distinguished element of im(A)°®,
specifically chosen to project the coadjoint term ady X" back into
the dual space im(A)*. As such, it depends explicitly on the metric
extension K of K, as does the covector X that exists on the entirety
of s0(F)*. Collapsing this degree of freedom with the globally de-
fined sharp operator f = AK~'A* : s0(F)*/im(A)°® — im(A) leads
to the corresponding LdA evolution for X € im(A):

X+ (adi X*)* = 0. (45)

Clearly, (45) still relies on metric information away from im(A)
since X? appears explicitly. Using the matrix representation of the
coadjoint action in Lemma 6.1, induced by the Frobenius inner prod-
uct, these equations also have the alternative expression (3) claimed
in Section 2. To see this, let Z € im(A) denote the (Frobenius) Riesz
representation of X" and denote K—orthogonal projection onto the
constraint distribution D by 7 : s0(F) — im(A). Then, the LdA
equations become

Z=rp([X.2Z]). (46)

Note that the vakonomic equations (34) and the LdA equations
(44) are genuinely different. The vakonomic evolution is richer in a
sense: it evolves a dense dual variable Z € so(F)* in the ambient
skew-symmetric matrix space whose horizontal sharp X = zh e
im(A) lies in the sparse admissible subspace im(A). In contrast, the
LdA equation evolves only the sparse variable X? € im(A)* and
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repeatedly projects the right-hand side, discarding the components
of the commutator that lie outside this admissible subspace.

Remark 7.1. Note that a choice of metric extension is required for
computing quantities such as (A, [A;, Am])g appearing in the LdA
equations, since the Lie bracket [A}, Ay, ¢ im(A) is not contained
where the K-metric is defined. Previous work [Pavlov et al. 2011]
sidesteps this issue by arguing for the existence of an extension K

satisfying
(A [An Am)g ~ / i [0 Frm]) Vol

where approximation holds to second order in the grid spacing. The
right-hand side expression is then easily computable on the space Vy;y,
without explicitly constructing K.

This difference between vakonomic and LdA is closely related to
the sub-Riemannian picture discussed previously. Vakonomic solu-
tions Z; satisfying (34) or equivalently (35) integrate through the
linear system R = ZPR into critical paths R: [0, T] — SO(F) for the
constrained action (27). Crucially, these paths are sub-Riemannian
geodesics: since the action (27) integrates the kinetic energy in time,
its extremizers are geodesics analogous to extrema of the time-
integrated kinetic energy on a Riemannian manifold. Measured in
the K-metric, the path R has constant speed, % [R(t)|x = 0 and ex-
tremizes the total arc length among all paths tangent to the distribu-
tion D. Moreover, this property of being a sub-Riemannian geodesic
depends only on the sub-Riemannian structure (SO(F), D, (-, -)x)
and is therefore independent of any particular choice of auxiliary
metric extension (-, -)g. In contrast, the Lagrange—d’Alembert equa-
tions describe geodesics of a projected connection which is not
generally metrizable [Fernandez and Bloch 2008]. Therefore, these
trajectories cannot minimize path length in any meaningful sense.

Remark 7.2. Interestingly, the LdA system can also be obtained as
an appropriate singular limit of a holonomic system, see e.g., [Abanov
and Khesin 2025]. In this case, the kinetic energy is augmented with
a Rayleigh dissipation potential éR(X), so that the resulting Euler—
Arnold equations contain an infinitely strong frictional force as ¢ — 0.

To finish this discussion, it is worth noting more explicitly how
the Hamiltonian formulation of the vakonomic equations (34) breaks
down in the LdA case (44). This can easily be observed by consid-
ering the same canonical Lie-Poisson structure and computing the
evolution of a Casimir C € C*(so(F)*):

Cz =(Z|dCz) = ((F —adyy )Z|dCz)
= (FZ|dCz) - {C,H}z = (FZ|dCz) # 0.

Therefore, Casimirs are not preserved along the flow of the LdA
system due to the reaction force F, meaning that solutions do not re-
main on coadjoint orbits and no Hamiltonian formulation is possible.
In fact, considering the natural “Lie bracket” [U, V] o = 79 [U, V]
given by the K-orthogonal projection 74 : $0(F) — im(A), the
induced “Lie-Poisson bracket” {F,G}yp = (Z|[dFz,dGz]p) de-
fined on im(A)* is almost Poisson. That is, it is both bilinear and
skew-symmetric but fails to satisfy the Jacobi identity captured by
the vanishing of the Jacobiator,

Jac(U,V,W) = [U, [V,W]] + [V, [W,U]] + [W, [U, V]],
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where [-, -] denotes whatever bracket is under consideration. The
key point is that Jré') [V, W] # 0 is nontrivial even along solutions to
the LdA equations (46). Conversely, Jac = 0 vanishes identically in
the space where the vakonomic equations (34) are defined, retaining
the Lie—Poisson character of the continuous system. More details
on the almost-Poisson brackets of nonholonomic mechanics can
be found in [van der Schaft and Maschke 1994; Koon and Marsden
1997; Cantrijn et al. 1999].

7.2  Other Related Methods

Here we record related approaches from the current literature along
with their references.

7.2.1  The vakonomic principle. The vakonomic (variational kind of
nonholonomic) principle was coined by Vladimir Arnold [Arnold
et al. 1988] and first appeared in the work of Valery Kozlov [Ko-
zlov 1983]. It represents a variational paradigm for treating non-
holonomic systems through the imposition of constraints at the
formulational level, before taking variations. As mentioned, this is
contrasted by the Lagrange—d’Alembert (LdA) model, where the
nonholonomic constraints are applied after taking unconstrained
variations, and the resulting Euler-Lagrange equations are corrected
through a virtual force that vanishes along the constraint directions.
This choice is somewhat contentious, and the textbook by Bloch
et al. [Bloch et al. 2015] summarizes the long-standing debate over
which of these models better describes physical systems observed
in reality.

The distinction between vakonomic and LdA is especially pro-
nounced when the nonholonomic constraints arise from friction—as
in a ball rolling without slipping, or the Chaplygin sleigh. In these
cases, the equations of motion derived from the (non-variational)
LdA principle agree better with physical measurements [Bloch et al.
2015]. Consequently, the vakonomic principle has largely been re-
garded as “unphysical” and confined to the setting of optimal control,
where Hamiltonian structure is paramount. Conversely, the present
work deals with nonholonomic constraints that are inherently un-
physical: they do not originate from friction or any other physical
source but instead arise from the choice of Koopman discretiza-
tion (cf., Remark 5.1). Therefore, it is reasonable to believe that the
vakonomic perspective could yield benefits over LdA in the case of
simulating incompressible fluids.

7.2.2  Discretization as a nonholonomic constraint: the Lagrange—
d’Alembert tradition. Due to its widespread success in modeling
physical systems, the LdA principle is now routinely applied to non-
holonomic constraints arising numerically as well. The observation
that Koopman discretization imposes a nonholonomic constraint on
fluid dynamics was first made in [Pavlov et al. 2011]. There, the LdA
principle is used within a discrete exterior calculus (DEC) frame-
work, effectively incorporating the lack of Lie-algebraic closure but
also limiting the accuracy of the method to first order. Remark-
ably, the earlier work [Mullen et al. 2009] had already used these
same equations of motion for a computer-graphics realization of
this theory. This alignment is not a coincidence: a (Petrov-)Galerkin
discretization of the standard weak-form equations for an incom-
pressible fluid naturally obeys the LdA principle with a particular

choice of ambient metric. More precisely, enforcing orthogonal-
ity of the trial-space residual against a finite-dimensional space
of test functions satisfying the nonholonomic constraints enforces
the principle of virtual work and generates a force orthogonal to
the discretization space. Building on this correspondence, [Gawlik
et al. 2011] extended this framework to the more general semidirect-
product Lie groups, enabling modeling of additional physics such
as compressible fluids, while [Natale and Cotter 2018] carried the
earlier work from DEC to general finite element settings. Many
later works build on these ideas, yet none exploit the information
available in the Lie algebra of skew-symmetric matrices. Because in-
formation is only required from “one Lie bracket away,” these works
obtain it directly from the FEM construction (cf,, Remark 7.1), so
that in the end no structure from the Lie algebra is used. Conversely,
the present work formulates equations of motion directly in the Lie
algebra and the resulting Lax equations respect the structure of this
matrix space and its nonholonomic constraint.

7.2.3  Two-dimensional vorticity formulations. Variational princi-
ples are certainly not the only way to derive fluid simulators. In
two dimensions, incompressible fluid dynamics can be formulated
in terms of a scalar vorticity function that is advected by the flow.
Moreover, when finite elements are used, the vorticity is simply ro-
tated by the divergence-free velocity at each time step. This program
was carried out in [Azencot et al. 2014], following the functional-
operator formalism of [Azencot et al. 2013], which amounts to a
mixed finite element method with tailored bases. The main draw-
back of this approach is that the resulting advection operator fails
to be skew-symmetric even for divergence-free velocities, a con-
sequence of choosing discrete function spaces that lack de Rham
compatibility. Moreover, because the time stepping employed is
not exactly Cayley integration, it would not produce updates re-
maining in the space of rotation matrices even if the matrix were
skew-symmetric. Conversely, the present formulation avoids these
issues through the use of de Rham compatible Whitney bases on tri-
angles and FEEC IGA B-splines on tensor grids, along with (Cayley)
Lie group integration in time.

7.2.4  Structure-preserving approaches. Beyond the purely Eulerian
methods discussed so far, a number of fluid simulation works aim
explicitly at some form of structure preservation. For instance, [EI-
cott et al. 2007] combines a vorticity formulation on closed loops
with semi-Lagrangian backtracing to advance the fluid solution,
unfortunately dissipating a good deal of information during the
necessary transfer between the traced readings and the underlying
grid. Later, [Nabizadeh et al. 2022] revisited this approach from the
perspective of the velocity covector, making the semi-Lagrangian ad-
vection circulation- preserving. Together with back-and-forth error
compensation and correction (BFECC)) [Dupont and Liu 2003], this
approach achieved enough error correction to keep the structure
intact—though energy is still dissipated and circulation is ultimately
lost. In [Nabizadeh et al. 2024], the authors formulated discrete
Euler equations that fit naturally into a hybrid grid—particle frame-
work; combined with IGA FEEC B-splines, this yields a high-order
structure-preserving scheme that preserves Casimir invariants along
with the energy on the grid. Finally, [Nabizadeh 2025] showed that



this setup is in fact a vakonomic formulation, consistent with the
sub-Riemannian theory.

7.2.5 Matrix hydrodynamics. An advantage of the hybrid methods
in [Nabizadeh et al. 2024; Nabizadeh 2025] is that sub-Riemannian
geodesics can be simulated directly on the infinite-dimensional Lie
algebra sdiff (M) of divergence-free vector fields through a particle
discretization. In contrast, Eulerian methods like the present work
are restricted to the finite-dimensional discrete Lie algebra so(n)
of skew-symmetric n X n matrices. While this setting is necessarily
incomplete from the perspective of the continuous Euler equations,
it offers a very concrete and precise way of relating the discrete
dynamics to geodesic flow on an appropriate (sub-)Riemannian man-
ifold. In fact, The vakonomic discrete Euler equations in Lax form
(35) are also closely related to the Euler—Zeitlin equations [Zeitlin
1991], which have brought about a paradigm known as matrix hy-
drodynamics (MHD). Instead of a finite-dimensional approximation
to the fluid representation space SDiff (M), these approaches uti-
lize a finite-dimensional approximation to the Lie algebra sdiff(M)
generated through geometric quantization. The advantage of this is
that no nonholonomic constraint is required: the distribution where
discrete fluid velocities live is integrable by construction. This leads
to an Euler-Arnold system with Lie-Poisson structure, improved
statistical behavior, and more correct energy cascading over time.
On the other hand, this quantized formulation is currently limited to
spheres and tori [Cifani et al. 2023; Modin and Viviani 2024], prone
to excessive dispersion, and yields only O(n~1/%) convergence with
increasing matrix size. On the flat torus, the quantization breaks the
translational symmetry and introduces artifacts; on the sphere, the
rotational symmetry is preserved, enabling a more robust program.
Consequently, the recent work of [Cifani et al. 2023; Modin and
Viviani 2024, 2025] has focused on S2, using it to study long-time
turbulent cascades with exact Casimir conservation; 3D extensions
remain partial and limited to symmetric cases. A more detailed
description of matrix hydrodynamics can be found in Appendix B.

7.2.6  Isospectral flows. Besides the related approaches to fluid sim-
ulation already discussed, it is worth mentioning the extensive liter-
ature on the simulation of isospectral flows [Calvo et al. 1996, 1997;
Modin and Viviani 2020]. The MHD equations of motion, along
with the vakonomic equations (35) presented here, are isospectral
as a consequence of their Lax formulation, which implies motion
on a single coadjoint orbit along with conservation of Casimirs
as discussed in Section 6.4. Generic time integrators destroy this
property: [Calvo et al. 1996, 1997] therefore develop Runge—Kutta-
type methods that preserve isospectrality, while [Modin and Viviani
2020] provides Lie-Poisson integrators for isospectral flows that, in
addition to keeping the flow on a single coadjoint orbit, preserve
the symplectic structure on that orbit. The Cayley-based update
discussed in Section 9 plays an analogous role in the present setting,
keeping the flow on the orthogonal group and preserving the Lax
structure of the equations of motion.

8 A LOW-RANK PARAMETERIZATION

While the vakonomic equation (34) enjoys many benefits, simulating
Z requires evolving O(F?) degrees of freedom, which can rapidly
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become untenable in realistic scenarios. Thankfully, there is a useful
low-rank ansatz that solves the Lax equation with a much smaller
computational cost of O(mF), where m < F represents a number
of dynamically evolving vector variables. First, note the following
result.

Theorem 8.1. Letm € Z and let {Aq, p,} | be 2m discrete fields
inRE satisfying the evolution equation

m

#
Aa=Avha, f1o=Aup, Au= Aapg — ﬂa)'Z) . (47)

a=1

Then, the matrix

1 m m
Z=2 ) Aanl —pAl = ) Sa, (43)
a=1

a=1

satisfies the vakonomic Lax equation Z = (z4, 7).

Proor. Let B, = A pf, so that S, = % (Ba -B] ) Observe that
B, evolves according to

By = Aqpg +Aafty, = Audap +Aapl Al
= AyB; — BgAy = [Ay, Bgl.
It follows that the corresponding evolution of S, is
Sa = 3(Ba = BJ) = 3([Au, Ba] - [Au,BalT)
1
= [Aq, E(Ba - B;)] = [Au, Sal.

Therefore, the evolution of Z =}, S, is

Z=[AwZ] = [Z%,7],

as desired. |

Theorem 8.1 enables rapid simulation of the isospectral flow
(35) by restricting the dynamical variable Z to a space of low-rank
matrices. In fact, it will soon be shown that there is no need to
construct the dense matrix Ay at all (¢f(52)), and therefore it is not
necessary to perform any operations which scale with O(F?). This
is a consequence of interpreting {(Aq, y,)} as a momentum map
representation of the dynamics, where these pairs are identified with
(discrete) Clebsch variables [Clebsch 1859; Marsden and Weinstein
1983], i.e., coeflicients in the half-density basis for . In the usual
continuous setting where functions are considered rather than half-
densities, this Clebsch representation is & = Y, jioVA, where
each A, can be identified with a component of the inverse flow
map qﬁ_l € Diff (M) and each ji, is associated with a corresponding
component of #ig o ¢~ 1. This is equivalent to the pullback of 1-forms
nt = (¢~ *no, ie., iy = V¢~ T (g o ¢~ 1) in three dimensional
Euclidean space, where 7 is the velocity covector [Nabizadeh et al.
2022]. Besides providing a scalable representation of the desired
Euler dynamics, this also provides a simple initialization strategy
that will be discussed in Section 10.3.

Remark 8.1. Since Ay, is a skew-symmetric operator, it preserves the
norm of each A; and p;. Indeed, for any function f € RF that evolves
asf = Auf, we have

D6 = (0) + (61 = 7 (AL + AwF =0,
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The low-rank representation (48) in terms of Clebsch variables
provides a natural choice of m, and also enables an efficient compu-
tation of its spectral invariants, i.e., Casimirs. Since it is known that
d-dimensional fluids require at most (d — 1) Clebsch components
[Yoshida 2009], we choose m = d where d = 2,3 is the dimension
of the ambient space where the simulation takes place, providing
enough flexibility to generate the realistic-looking fluid trajectories
seen in Section 11. For the computation of Casimirs, consider the
block matrices

U:= [,11 By ERFXZ’",

Am f] Jom = 1blkdiag(J2. . ...J2),
01

where Jo = (%, 3) is the canonical symplectic matrix of dimension
two. It follows that Z has the alternative expression

Z=UJn UT,

and, in particular, rank(Z) < 2m. Spectral invariants of Z can be ef-
ficiently computed by observing that tr(Z%K) = tr ((UJzmuT )Zk) =
tr (JamUTU)?¥) where Jo,UTU € R¥™X2™ js small. In fact, observe
that each of A;, y; evolves according to the orthogonal operator
R = exp(tAy) € SO(F), and therefore all entries [UTU];; = A; - B
of the “covariance matrix” UT U are constant along solutions to (47).
In particular, this leads to Casimirs of the form

Cok (Z) = tr(Z%*) = r(B%), (49)
where B = J,,,UTU € RZ™X2M i5 defined as the block matrix

Hi Hj

A~oll»
B=I[B:™ Bii=31 L Fj
[ l]] 17) _)‘1”]

i,j=1° 2 _Ai . A] (50)

8.1 Symplectic space properties

It is useful to view the Clebsch parameterization and Theorem 8.1
as a Hamiltonian evolution on a discrete symplectic vector space
arising from the Galerkin projection of a continuous symplectic
formulation. To see this, consider the infinite-dimensional vector
space P = HD(M) x HD (M) whose elements are pairs (A, y) of
smooth half density fields on M. Each pair thus generates a single
component of the representation # = ), VAgug. The canonical
Liouville 1-form on % is defined by

(9w | (A o)) = /M i

for any tangent vector (i i) € T(puP = P. Using the standard
identity for the exterior derivative of a 1-form,

(da | X,Y) =X(a|Y) - Y(a| X) - (a| [X.Y])

together with the fact that # is a vector space and hence there are
no nontrivial Lie brackets, the symplectic 2-form ¢ = d¢ is given

by:
(ol i, i) = [ (ad-id),

for tangent vectors (4, /1) and (i ). Tt is straightforward to ver-
ify that o is closed, non-degenerate, skew-symmetric, and bilinear.
Therefore, o defines a canonical symplectic structure on P, hence
a canonical symplectic structure on the product ™ through the
direct sumo & ... ® 0.

To bring this to the discrete setting, consider the projection of o
onto the subspace ¥ ¢ HD (M), which has the following represen-
tation in terms of coefficients in P = RF x RF:

(ol m, (b)) = A @TIA ), J= [_01 (I)] '

The symplectic matrix J is invariant under orthogonal transforma-
tions. In particular, if R € SO(F) satisfies RTR = I, then the induced
left action on the symplectic space

(4, p) = (RA,Rp),

preserves the discrete symplectic structure on P. Observe that the
infinitesimal generator of this action is given by the vector field

Ea(A, p) = (AL Ap), A €so(F).

Conversion between this auxiliary symplectic structure and the
primary one on $o(F) is facilitated by the momentum map J : P —
so(F)* = so(F), which is defined (up to constants) through the
equality

dJ(A, p) 1A) = o (Ea(A, ), °) = (A, W) TI(A A),

where (A,A)(A, 1) = (AL, Ap) = Ea(A, p) and the final equality
uses that the block matrices J and (A,A)T = —(A, A) commute.
Since J(A, A) is a symmetric matrix, it follows that the action of the
momentum map has a simple representation in terms of a quadratic
form.

Proposition 8.1. The momentum map J: P — so(F)* = so(F) has
the equivalent representation

JAIA) =54 W T Ea(A p), VYA eso(F).  (51)
In particular, J(A, p) = %(AuT — UAT).
Proor. It is easy to check that differentiating (51) satisfies the

defining relationship for the momentum map. To compute an explicit
representation for J, observe that

2(J(A, ), Aprob = (A p).J(AA, Ap)) = =(J(A, p), (AA, Ap))
= (=1, A), (AL, Ap)) = (AT — pAT, A)prob,
which yields that J(A, p) = (ApT — pAT). o
Recall that the discrete representation in Theorem 8.1 has m
components. Therefore, the momentum map with respect to the

direct sum symplectic structure on P™ is given (with some abuse of
notation) by

m 1 m
JAum =Y JAaitg) = 5 D" Aabtd = 1.
a=1 a=1

It is also necessary to compute the adjoint of this momentum map
with respect to the mapping u — A, between the coefficient space
Vgiv and its image im(A) C $o(F) in the ambient Lie algebra,

m V
200 1) 1Aw) = 3" > ui(Ap Aaptl — pAl)
a=1k=1

= Z up (Ag Akt — 1o AkAa)

ak
= (Z AaAC) g — piA()Agu) = 2(A"J(A, p) | u).



It follows that the adjoint is given by

A*J(Ap) = ;ZATA( Vg~ HEA( )M—ZATA( Vg (52)

a=1

where the final equality used that A, is skew-symmetric for all
u € Vg;y. Therefore, the action of the momentum map J on the
Lie algebra element Ay, along with its adjoint operation, can be
computed through combinations of matrix-vector products with-
out requiring expensive matrix-matrix operations. For notational
convenience, the following sections will refer to the following re-
construction routine that computes the element of Vy;,, associated
to the Clebsch variables {(Ag, ) }:

VEL(A, ) = J(A, p)f =K'A*J(A, p)

= Y K ATAC ). 9
a=1

Here, as before, A(+) is used to indicate the (linear) map u — A,.

9 TIME INTEGRATION

The vakonomic equations of motion (35) describe the time-continuous
motion of an ideal fluid approximately represented on a space of
discrete half-densities. To form a tractable computational model
useful for numerical simulation, it remains to discretize in time so
that the delicate geometric structure of the vakonomic Lax equa-
tion is preserved. In particular, we must ensure that the temporal
discretization remains Hamiltonian. Under the low-rank parame-
terization in section 8, this will translate to rigid-body dynamics in
F dimensions, where a structure-preserving integrator is given by
a mild extension of the method developed for F = 3 in [Enge and
Faltinsen 2001].

Methods that preserve the structure of coadjoint orbits belong to
the class of Lie group integrators (cf,, [Iserles et al. 2000; Celledoni
et al. 2014]) and produce discrete trajectories guaranteed to respect
this structure. This work considers a particular class known as
Runge-Kutta—Munthe-Kaas (RKMK) [Munthe-Kaas 1999] methods
that evolve Lax systems such as (35) via coadjoint actions and admit
arbitrarily high-order integration schemes. Specifically, we apply
the Lie-trapezoidal rule from Engg [2000].

More precisely, the approximate solution Z") att = nAris
updated according to the conjugation

z(m+1) Z g Z(MRmT RN =g);f)(m(w)ﬂ) (54)

where exp: s0(F) — SO(F) is either the matrix exponential or
a (computationally cheaper) analytic function that approximates
it. Here, a useful approximation is provided by the Cayley map
Cay: s0(F) — SO(F):

Cay (4X) = (1- %X)_l (1+1x), (55)

which is a second-order approximation to exp(X). The assumption
that the algebra-to-group map exp is analytic ensures that the vector
field X commutes with its pseudo-exponential exp(X). In fact, the
formula (54) is enough to establish the following important property
of Lie-trapezoidal time integration.
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Theorem 9.1. The map (54) from Z(™) to Z("*V) preserves the coad-
Jjoint orbit on(") and the Casimirs of the Lie-Poisson bracket (38).
Moreover, the Hamiltonian

H™ = H(z™) = Lz |z
5 ,
is conserved: Hm+D = g(n)

Proor. This map takes the form Z — RZRT for some R € SO(F).
Therefore, it is a coadjoint action and also isospectral, implying the
first two properties. To establish Hamiltonian preservation, consider
the midpoint element X = %(Z(”) +Z<n+l))ﬁ € so(F). Then, R(M =
exp(AtX) € SO(F) commutes with X, and therefore

g+ _ g — z(n) | (Z(n+1) +Z("))ﬁ>
— (R(n)z(")R('l)T _ Z(")|x>
- <Z(n)|R(n)TXR(n) _ X> =0,

yielding the conclusion. O

1
—(z(n+1) _
2

Despite its geometric utility, directly implementing (54) in the
present setting is not practical, as it requires assembling the dense
matrix Z at every time step. Thankfully, the Clebsch representation
from Section 8 removes this requirement, enabling the equivalent
Lie-trapezoidal integration scheme for the variables /1(") ,(Zn) eRF
at time t = nAt in terms of the mapping (53),

A('Hl) _ R(”)A(n) ”(n+1) _ R(”)y(n)
> a a
R™ = &p (AT (VEL(A(”), py + VeL(A (D), ﬂ("+1)))) .
(56)

Of course, there is an equivalent guarantee on the desired structural
properties of (56) as a Corollary to Theorem 9.1.

Corollary 9.1. The map (56) from Z™ 1o Z("™D) preserves the
Hamiltonian H™ along with the Casimirs (49).

With this, (56) provides an efficient Lie group integration scheme
for the low-rank vakonomic equations (47) implemented in the
following section.

Remark 9.1. In fact, the map Z +— RZRT = Ady, Z is a Poisson
automorphism. That is, besides preserving the coadjoint orbits of the
Lie-Poisson structure (38), its restriction to each of these orbits is a
symplectomorphism. To see this, recall that Hamiltonian flows are
Poisson automorphisms, and expressR = exp(TX) for someX € so(F)
andT € R. Then, Z — RZRT is the flow map fromt =0tot =T
corresponding to the linear Hamiltonian Hx(Z) = (X|Z).

Remark 9.2. Theorem 9.1 and Remark 9.1 appear to suggest that
the time integrator (54) is both energy-preserving and symplectic.
However, this is unlikely: the well known result of Zhong and Marsden
[1988] states that an energy-preserving and symplectic integrator must
generate exact solutions when the Hamiltonian system is maximally
reduced (i.e., no other functions Poisson-commute with the energy).
This is because a symplectic integrator is a one-parameter (At) family
of symplectic maps and therefore locally a Hamiltonian flow; energy-
preservation and maximal reduction imply that the Hamiltonian of the
integrator coincides with the energy of the system, forcing exactness
in the integration.
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Theorem 9.1 does not contradict this result since Z — RZRT is only
symplectic for a fixed R € SO(F) independent of Z: the overall update
map ZW — Z("*) in (54) is not a symplectomorphism because
the choice ofR(”) also depends on AN Accordingly, the vakonomic
integrator (56) used here is energy-preserving but not symplectic, hence
consistent with the result of Zhong and Marsden [1988].

L e o ker(div) r—':___- =,
if(k'(A 2))/@?»'--\’1: soHE=
W A.. - )

Fig. 10. The pipeline of our method, Vakonomic Fluids. The auxiliary sym-
plectic space (P™,]) is identified with the dual Lie algebra so(F)*, on which
the equations of motion take an identical form. There, the dynamics is a
Lie—Poisson system evolving along the intersection of a pulled-back energy
level set by A* in the discrete velocity space (RY)* with the coadjoint orbits
induced by the matrix Lie group structure. Consequently, the symplectic
variables evolve under the action of matrices in the subspace im(A) as a
rotation, i.e., an orthogonal action.

10 ALGORITHM AND IMPLEMENTATION

This section provides a detailed description of the vakonomic fluid
simulation (Section 10), including a discussion of the end-to-end
simulation pipeline and critical implementation details. Precisely,
the proposed algorithm evolves the Clebsch variables (A, u) repre-
senting the discrete incompressible velocity u € Vg, using Eqn. (56).
This ensures that the discrete incompressible Euler equations are
solved, within the discrete Koopman framework outlined in Table 1,
in a way that is consistent with the continuous theory in Section 3.
In particular, the solutions to Alg. 1 retain their interpretation as
geodesics on a (sub-)Riemannian manifold of discrete diffeomor-
phisms.

10.1  Algorithm

The general structure of each timestep is summarized in Figure 10.
Each time update starts from a set of Clebsch variables (1), (™)) €
RF, and solves a fixed point problem, that iterates the following
two steps: first, the Clebsch variables are used to recover a velocity
u® = VEL(A("), p(")), and then, that velocity is used to advect
the Clebsch variables using the implicit Lie-trapezoidal integrator,
resulting in (A(n+1) p("+1)). Altogether, each time step is described
in Alg. 2.

In implementation, we separate the recovery of velocity into
two steps, VEL = PROJECT o RECONSTRUCT, where RECONSTRUCT
corresponds to the pulled-back momentum map A*J : P — (RV)*,
and PrOJECT is the familiar pressure projection operation, which
extracts the divergence-free component of a vector field. Because
we choose an H(div)-conforming finite element spaces for V, we

are able to use the discrete Hodge decomposition machinery of
Finite Element Exterior Calculus (FEEC) [Arnold et al. 2006, 2010],
and perform a streamfunction solve to recover the divergence-free
component of u (see Section 10.2.1).

Altogether, our algorithm only requires implementations of Ap-
VECT, RECONSTRUCT, and PROJECT. The precise implementation of
these routines only requires a choice of two function spaces ¥ and
V. In the next section, we describe our implementations with two
such choices: Whitney forms on triangle meshes, and B-Splines
from isogeometric analysis.

Algorithm 1 Vakonomic Fluids loop

1: Initialize A(®) and u®
2: forne1,2,... do
5 (A )™ < Sree ((/1, y)("_l))

Algorithm 2 STEP(A(™), u(M): Step of implicit trapezoidal integra-
tor.

Input: Discrete Clebsch variables (A, u) (") € P™
1: u™ = u* — ProjecT(RECONSTRUCT(A, ) (™))
2: do > Fixed point iteration on u*

3: (A, )" — Apvecr (u*, A, p)<”))

4 i « RECONSTRUCT (()l,p)("“))
s u™1)  ProjrcT()
6: ur e %(u(n) +u(n+1))

7: while u* not converged

Output: (A, )"+

Algorithm 3 ReconsTruCT(A, pr) (™)

Input: Discrete Clebsch variables (A, p)(™) € p™
1: forkel,...,Vdo

m

2 O — Z AiArHg

a=0

Output: 0

Algorithm 4 ADVECT(u, s)

Input: Velocity u € R, quantities to advect s € (RF)*
1: Ay < Eqn. (23)
2: forael,..sdo
3: 5q < exp(AtAy)s,

Output: s

10.2  Implementation Details

In this section we discuss two implementations based on the al-
gorithms in Section 10, where both are based on FEEC. The first
employs B-spline bases suitable for high-order simulations on grids,
while the second uses first-order Whitney forms applicable to ar-
bitrary triangle meshes. Both implementations provide a mimetic
discretization in which the discrete differential operators reproduce
the identities of the continuous de Rham complex exactly, so that the
resulting velocity field is pointwise, not merely weakly, divergence



Algorithm 5 ProjecT(@)) — Leray projection via streamform-
vorticity solve

1: procedure PROJECT(11)

2 Solve curl' K curly = curl™ &

3 u « curly

4 if b,—1(M) > 0 then > if M is not simply connected
5 u < u + HarmonNIcPRroOJ (1)

6: return u

free. We will see how this allows for an efficient computational al-
gorithm based on function representations of the Clebsch variables
driving our simulations.

10.2.1 FEEC andVyg;,. The FEEC construction, developed by Arnold,

Falk, and Winther [Arnold et al. 2006, 2010; Arnold 2018], provides a
structure-preserving framework for discretizing partial differential
equations posed on differential forms. The central object is the dis-
crete de Rham complex that is related to its continuous counterpart
by a commuting diagram of bounded projection operators:

A0 grad )Al curl >A2 div._ A3

\
h grad 7 h curl Ah div

That is, each square commutes: [T¥*1 od;, = dj oIT¥, where d denotes
the relevant exterior derivative: grad, curl, or div. This commuting-
diagram property guarantees that key identities of vector calculus,
such as curl grad = 0 and div curl = 0, hold exactly at the discrete
level. In the present case, the primary role of this compatibility is to
ensure that the space V = Ai has a discrete Hodge decomposition,
and the pressure projection is guaranteed to produce a discrete
vector u € Vg, that is pointwise divergence-free.

More precisely, denote by I;_;: RV — <V the interpolation
operator defined by I;_ju = #i”, which maps discrete (d — 1)-
forms to their continuous counterparts. Note, * is the continuous
Hodge star operator. It follows that the coefficient space Vy;,, has
the alternative expression

Viiy = {u € RV | div(Zy_qu) = 0}.

Often, mixed finite element discretizations only enforce the divergence-

free constraint on u weakly, but not strongly (i.e. pointwise). The
FEEC machinery guarantees divergence-freeness holds strongly; it
can be restated in the language of mimetic interpolations. Similarly,
there exists a commuting property Jj,1dy = diJy between the inter-
polation operators and the discrete/continuous exterior derivatives
for each degree k. Letting div = d;_; denote the discrete divergence
operator acting on the graph induced by the connectivity of the
mesh or grid defining M yields the fully discrete description of Vg,
given by
Viiy = {u € RV | div(u) = 0}.

In practice, this constraint is efficiently realized through a Hodge
decomposition which reconstructs the divergence-free part of the
velocities. This is detailed in Section 10.2.3. Before that, we next
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detail the setup of our two instantiations of the FEEC machinery
that allow us to concretely choose the space chosen computationally
to represent spaces ¥ and V.

Remark 10.1. Numerical methods for ideal fluid simulation that
do not employ compatible discretizations, such as those not based on
FEEC, do not satisfy the above construction. In particular, the matrix
Cy= ZZ:I uyC, which governs the advection of functions, is gener-
ally not skew-symmetric. Indeed, Cy, is skew-symmetric only when
u € Vy;y, whereas the discrete incompressibility condition div(u) = 0
provided by the divergence operation in a non-compatible discretiza-
tion does not generally imply u € Vy;,. One example is Azencot et al.
[2014]. Following the construction presented there yields infinitesimal
operators that do not advect functions orthogonally with respect to the
pulled-back L? inner product, i.e., the inner product induced by the
mass matrix M. It is worth emphasizing, however, that the advection
operators Ay acting on half-densities remain skew-symmetric regard-
less of the choice of finite element or interpolation basis. Consequently,
the Lax equations in our formulation can, in principle, still be sim-
ulated using non-compatible bases. The drawback is computational
rather than theoretical: doing so requires repeated evaluation of the
matrix square root M/2, which is generally prohibitively expensive.
We leave the development of efficient algorithms for this setting as
future work.

10.2.2  B-spline and Whitney implementation details. We consider
two instances of the FEEC framework: B-splines on tensor-product
grids and Whitney forms on simplicial (triangle) meshes. We begin
with the B-spline construction, following the isogeometric analysis
(IGA) literature [Hughes et al. 2005; Cottrell et al. 2009], which
employs the spline bases of computer-aided geometric design as the
trial and test functions in a Galerkin discretization. This provides
CP~1 continuity across elements, rather than the C° continuity
of standard nodal finite elements, leading to improved accuracy
per degree of freedom. This construction is compatible with the
FEEC framework [Buffa et al. 2010, 2011; Buffa and Sangalli 2016];
throughout this manuscript, we refer to it as IGA-FEEC. Following
[Nabizadeh et al. 2024], we adopt this discretization for both the
representation space ¥ carrying (A, g) and the velocity space V
carrying u. Writing S, for the univariate B-spline space of degree
p on a given knot vector and Sp_; = %Sp, the two-dimensional
spaces are

F=5®S
(V = (Sp ® Sp-l) X (Sp_l ® Sp),

i.e, F is the 0-form space A(;l and YV the flux space A’;l_l, each
component carrying degree p in its own coordinate and p — 1 in
the others; the three-dimensional spaces follow the same pattern.
Note that reducing the degree in exactly the differentiated direction
makes div o curl = 0 hold exactly. We refer the reader to [Nabizadeh
et al. 2024] for the remaining operators and further details. We
additionally note that in this implementation, we choose to use the
Cayley transform for advection, exp = Cay (see Section 9).
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Whitney forms provide an analogous construction on triangle
meshes, giving a first-order FEEC discretization closely tied to dis-
crete exterior calculus (DEC) [Hirani 2003; Crane et al. 2013]. Sup-
pose the domain M is a 2-dimensional surfaces, discretized by a
triangle mesh M = (P, E, F),

¥ = span{¢p : p € P}
V = span{ye = ($p * ddq — dq * ddp)* : (p.q) = e € E},

contain Whitney 0-forms and (the L2-sharps of) Whitney flux 1-
forms, respectively, and * the Hodge star operator on 1-forms (or
equivalently, the 90-degree rotation operator on the corresponding
vector fields). The components of Cj can be readily computed in
this basis by considering the evaluations of the functions ¢, on
each triangle, which can be used to construct Ay for ADVECT and
RecoNsTRUCT. For ADVECT, we opt to use a direct computation of
matrix exponential as implemented in SciPy [Al-Mohy and Higham
2011; Virtanen et al. 2020]. The operator PRoJECT is implemented
using the streamfunction solve detailed previously.

Only in the Whitney form implementation, we also row-sum the
mass matrix M; thus M matches the standard diagonal barycentric
Hodge star %o from discrete exterior calculus. Using the diagonal
operator does not change the conservation properties of the system
(so long as Casimirs are also measured by the row-summed M), and
in practice makes little difference to the simulation outputs, so we
choose to adopt it for efficiency. This row-sum is not performed in
the IGA-FEEC case.

Finally, in implementation, we store only function space coef-
ficients A := M~1/2) and o= M_l/zp rather than half-density
coefficients written in the algorithms above. This simplifies the
implementation, by avoiding costly computations involving the

. +5 : .
dense matrices M™ 2 . Indeed, the routine RECONSTRUCT requires the
contraction

- 1 _Ly 1 =
ATAgpy = (MEA)T (M_ZCkM Z)Mzﬁk = A; Crht,
which is algebraically equivalent. Similarly, ADVECT on function

1 1_
coefficients simplifies to M~ 2 AyM2 A = M~1CyA. Thus, factorizing
mass matrices is never required.

10.2.3  Discrete Hodge decomposition forRY . To satisfy the discrete
constraint div(u) = 0in the space Vg;,, we leverage the compatibility
of the FEEC machinery together with a streamform-vorticity solver
(see Alg. 5). Owing to the FEEC construction, the discrete identity
div o curl = 0 holds pointwise, so that curly corresponds to a
pointwise divergence-free velocity field. The problem of pressure
projection therefore reduces to a single symmetric positive definite
Poisson solve for g, which is amenable to standard CG or multigrid
methods as in [Nabizadeh et al. 2024]. This approach was seen
empirically to be more efficient than alternatives, including a mixed
finite element formulation requiring an iterative saddle-point solve
[Elman and Golub 1994], as well as a pressure Poisson formulation
with a mass-matrix inverse in the Schur complement that required
an inner CG solve nested within an outer iteration.

To describe this procedure in more details, note that curl g is al-
ready the Leray projection [Leray 1934] of G on a simply connected
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Fig. 11. Evolution of the x-component of A over time for the Taylor-Green
Vortex initial condition. Above: Without resetting, A develops dispersive
artifacts emerging from the inability to resolve the shearing present in the

flow map. Lower: With resetting every 120 frames (0.3 s), the dye advects
with far fewer dispersive artifacts.
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domain; otherwise the discrete Hodge decomposition carries a har-
monic summand. The velocity is discretized as a flux (d — 1)-form
so the relevant harmonic space is

H =kerAy_q, dimH = by_1(M), (57)

where Ay_{ = d 8 + 8d is the Hodge Laplacian and b;_; is the
(d — 1)-st Betti number of the domain. Since the topology and mesh
are fixed, we compute a K-orthonormal basis {hy,...,h} of H
once at initialization as the zero-frequency eigenspace of Ay_{, and
recover the harmonic component by one inner product per basis
field,

b
HARMONICPROJ (1) = Z (b @) h;. (58)
i=1
Since H is K-orthogonal to the image of curl, this component is
untouched by the Poisson solve. On the periodic box, the harmonic
fields are the constant vector fields b = d and this step reduces to
restoring the mean flow.

10.3 Resetting

As discussed in Section 8, the low-rank parameterization of Z in
terms of discrete Clebsch variables (A, p) represents the inverse
flow map ¢! of the fluid together with the components of the
velocity field #, carried from a static earlier frame to the current
frame through iip(¢~!). Consequently, the advection of these fields
can cause large amounts of distortion, including the stretching com-
puted in the finite-time Lyapunov exponent (FTLE) fields (see Sec-
tion 10.3.1) and visible in Figure 11. Indeed, the vakonomic algorithm
in Section 10 is built on a discrete analogue of Kelvin’s circulation
theorem and can therefore only rotate the finite-element coefficients
(i.e., labels) associated to A and pu. While the advantage of this is
exact preservation of the Casimirs associated to powers of Z, its
lack of mechanistic dissipation also produces visually dispersive
artifacts that manifest as a blow-up in enstrophy over time.

To alleviate this and enable less dispersive simulations, it is oc-
casionally useful to relax strict Casimir preservation and perform
a so-called reset of these labels. This ensures that excess disper-
sion does not accumulate in the auxilliary symplectic space P™
containing the discrete Clebsch variables.



To describe this more precisely, recall that the discrete Clebsch
data consist of m (or m — 1) pairs of scalar labels {A4, p,} |, where
m is the dimension of the ambient space. The label A, holds the a-th
coordinate of the inverse flow map ¢!, while j, holds the a-th
Cartesian component of the pulled-back velocity &g o ¢ 1, stored
as a scalar field. It is convenient to overload notation so that the
undecorated A and pg without indices denote the full collection of
these variables over a = 1, ..., m. Additionally, 7, denotes the in-
terpolation operator u + i sending the coefficients u € R of
the velocity field to its finite-element representation # € V, and
Ig: RF — ¥ denotes the corresponding interpolation operator on
scalar functions. In particular, If"/ and 7, 7*; denote the correspond-
ing Moore-Penrose pseudoinverses (i.e., least-squares fits back to
coefficients).

With this, resetting the labels A encoding the inverse flow map is
straightforward: the components A, are simply set to the identity,
i.e., to the current position of each quadrature point of the finite
element space 7. Conversely, there are two reasonable ways to
reset the labels p associated with the velocity field. On one hand,
resetting p (for fixed A) can be accomplished via the adjoint A*J of
the momentum map J computed in (52). More precisely, consider
the momentum vector

m
W'v= Z AdAyp, equivalently u= I,; (VI7:A)T(I(F;1).

a=1

It follows that VIFA = id since A was just re-initialized to the
position field, and therefore the least-squares problem that recovers
the velocity in the ¥ basis reduces to

argprlnin %”I(T,Iqrp - u||12(

Writing V = I,*‘;I #, the corresponding normal equations give
p=(VTKV) ' VTKu,

although this requires inverting the matrix VTKV. Alternatively,
one could relax the requirement that p project orthogonally onto
the finite element basis spanned by Z«, instead seeking the y whose
interpolation is the (component-wise) orthogonal projection of u
onto the 7# space. This corresponds to a different least-squares
problem

. 2
argmin %Hy - I;I(Vu”M,
7}
whose solution is given by
u= I;-I(Vu = Fu, (59)

forF =1, ;.I . This second formulation is considerably more compu-
tationally tractable, since it avoids assembling and inverting VT KV.
The trade-off is that the discrete velocity u and its representation
1 are no longer related through orthogonal projection onto the ve-
locity subspace Z,. Despite this mild drawback, we observed little
difference between these two procedures in practice, and therefore
all experiments in Section 11 use the cheaper reset (59).
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Algorithm 6 Vakonomic Fluids loop with Resetting

1 (A, ) — Reser(u(®)

2: forne1,2,... do

5 (Ap)™ < Sree ((/1, p)<"*1>)
4 if n mod p = 0 then

5 (A, p)(") — Reser(u™)

Algorithm 7 RESET(u), re-anchor flow map to identity

1: procedure RESET(u)

2: AaeM%I;xa, a=1,...,d

3 yahM%I(;Iryua, a=1,...,d
4: return (A, )

10.3.1  Automatic Resetting by Finite-Time Lyapunov Exponents. 1t is
worth mentioning an automated heuristic for selecting the reset pe-
riod, thereby eliminating this hyperparameter from the vakonomic
fluid simulation pipeline. Recall that the cumulative finite-time Lya-
punov exponent (FTLE) is given by
St = In(omax (Fr)) = — In(omin (¥)),

where ¥ = [grad A]s is the piecewise-constant gradient of the
inverse flow map A over each face, Ff = ‘If: is the deformation
gradient (that uses a pseudo-inverse, to accomodate embeddings of
2D surfaces in ambient 3D space), and oyi, computes the minimal
nonzero singular value. The quantity S¢/T where T is the time since
the last reset is the FTLE, and S¢ measures the maximal stretching
that has occurred since A was last reset. Following Nabizadeh et al.
[2024], we find that selecting the reset frequency so that S < 1
consistently leads to good results.

10.3.2  Impact of resetting. We find that occasional resetting within
the vakonomic fluid Alg. 6 is a necessary ingredient for producing
accurate long-time simulations with minimal dispersion. However,
it should be noted that this operation is not Hamiltonian structure-
preserving, meaning that Casimirs will change discontinuously
upon reset. More precisely, recall that the Casimirs are given by
traces of powers of the dual matrix Z, as in (50). Because the ad-
vection of the labels is orthogonal, the blocks associated with |A;|?
are unchanged by advection, but the blocks associated with p are
effectively perturbed. Since resetting changes these labels discon-
tinuously, it follows that the Casimirs exhibit a jump as well. While
the impact of resetting on energy and Casimir preservation is ex-
amined numerically later in Section 11.1, we observe that Alg. 6 is
quite stable with the inclusion of resetting and capable of producing
long-term simulations with minimal dispersion (cf., Figure 13).

11 NUMERICAL EXPERIMENTS

In this section we assess our method in two stages. We first ver-
ify it through convergence tests against the Taylor-Green vortex
and examine the behavior of the solver in preserving invariants
of the flow (Section 11.1). We then validate it against established
benchmarks: mollified point vortex systems (Section 11.2), flows
on surfaces (Section 11.4), and a trefoil knot in three dimensions
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Table 2. Details regarding each experiment.
Experiment Mesh Size At (s) Reset Period (s)
IGA BSplines on Cartesian Grids
Taylor-Green Vortex (Fig. 12) 128 x 128 1/48 2.29
Eigenfunction Vortex (Fig. 13) 128 x 128 1/4 25.00
Shielded Taylor Vortex (Fig. 18) 128 x 128 1/48 0.21
Leapfrogging Vortex (Fig. 20) 128 x 128 1/48 0.21
Rayleigh-Taylor Instability (Fig. 27) 256 X 512 1/96 0.05
Trefoil Knot (Fig. 1) 64 X 64 X 64 1/72 0.21
Whitney Forms on Triangle Meshes
Taylor-Green Vortex (Fig. 11) 11.6k 2.5x 1073 0.3
Shielded Taylor Vortex (Fig. 19) 89.3k 1.5%x 1073 0.36
Vortices on Oblate Spheroid (Fig. 22) 41.0k 2.5x 1072 FTLE-Automatic
Double Shear Layer (Fig. 23) 175k 5x 1073 0.18
Sphere 1 Flow (Fig. 24) 41k 2.5% 1073 0.2
Sphere 2 Flow (Fig. 24) 164k 1x1073 02
Helicoid Flow (Fig. 25) 56.8k 1.25 x 1073 02
Bunny Flow (Fig. 26) 85.7k 3.33x 1074 0.12
5 1072 =
> q > =
9 R =
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Fig. 12. Convergence of the method with FEEC-IGA B-spline discretization
spaces, with quadratic (p = 2, left) and cubic (p = 3, right) spatial accuracy.
Observe that temporal discretization error dominates over longer time
horizons, yielding second-order convergence in both cases.

(Section 11.3). Finally, we demonstrate the extension of the solver to
stratified flow under the Boussinesq approximation (Section 11.5).
B-spline experiments on tensor grids were run on a workstation
with an Intel Core Ultra 9 285K processor (24 cores) and 64 GB of
RAM, while the triangle-mesh experiments with the Whitney basis
were run on a MacBook Pro with a 12-core Apple M4 Pro and 24
GB of RAM. See Table 2 for a full breakdown of experiment con-
figurations and timings. Our C++ implementation of the B-spline
discretization builds on the codebase released with [Nabizadeh et al.
2024], while the triangle-mesh implementation was developed from
scratch. For baselines, we implement Functional Fluids [Azencot
et al. 2014] as a fluid solver on surfaces, and a modified version to
use the IGA-FEEC basis and to preserve energy exactly via the same
trapezoidal time integrator we use for our method (which we refer
to as Vorticity FEEC in the figures that follow). These baselines share
a similar Koopman operator structure as our method; the Koopman
operators are used to update the vorticity directly, and have func-
tion spaces similar to the implementations of our method, making
a fair comparison. In Figure 18 we additionally compare against
Zeitlin’s method, commonly known as matrix hydrodynamics after
the original work [Zeitlin 1991], which we implement in MATLAB.

11.1  Verification

The first set of numerical experiments deals with verification. Pre-
cisely, we verify that Alg. 1 preserves energy and Casimirs.
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Fig. 13. Vorticity initialized as a random superposition of the first 20 eigen-
functions of the scalar Laplacian, with i.i.d. Gaussian mode amplitudes. As
the flow evolves, the finite-element functional-fluids-on-surfaces baseline
(top) accumulates heavy dispersive artifacts, whereas our method (bottom)
exhibits substantially less numerical dispersion. We attribute this to struc-
ture preservation: our scheme enforces a discrete Kelvin circulation theorem,
while the baseline preserves only a weak notion of enstrophy.
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Fig. 14. Conserved quantities for the 2D Laplacian-eigenfunction vortices,
each plotted as relative error against the initial value at ¢ = 0. Top row: the
quadratic and quartic Casimir power traces. Our method conserves both
exactly, up to the tolerance of the implicit Cayley timestep solver, whereas
they drift under the functional-fluids-on-surfaces baseline. Bottom row:
energy and enstrophy. Both our method and the baseline conserve energy
up to the tolerance of the fixed-point iteration in the implicit trapezoidal
update. Although our method does not explicitly target the weak enstrophy,
it is preserved well here: the vortices are well resolved by the available
degrees of freedom, and little enstrophy is lost to discretization—more
accurately than the baseline, which conserves it only up to the tolerance of
its Cayley solver.

11.1.1 2D Taylor-Green Vortex. The Taylor—-Green vortex is a steady-
state solution to the incompressible Euler equations (13) on the
domain M = [-1,1]?,

sin 7x cos Yy ) (60)

utGy(x%.y) = (— cos 7x sin 1y
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Fig. 15. Reset frequency, denoted as «, swept from every 50 to every 200
steps, probing how our solver behaves under different reset rates. Top row:
the quadratic and quartic Casimir power traces. As resets become more fre-
quent, the Casimir behavior converges toward the finite-element Lagrange-
d’Alembert case, as expected—that limit corresponds to resetting infinitesi-
mally often. Bottom row: energy and enstrophy. There is a clear trade-off:
resetting less often lets instability grow but dissipates energy and enstrophy
less, while resetting too often dissipates these quantities more.

te14 Relative Change of Casimirs to-15 Kinetic Energy Relative Change

.
==
—==
—
—
——
—

o
Time (s) Time (5)

Kinetic Energy Relative Change
0.0000

0000 |- —————

0.0005
-0002

-00010

-0004
00015

Relative Change
Energy

-0.006 -00020

Casimir 0.0025

0008 - — uizee)

-00030

04 06
Time (5)

04 08
Time (s)

Fig. 16. Casimirs tr(Z¥) and energy for the first 400 frames of Taylor-Green
Vortex simulation. Above: No resetting. Below: Resetting every 120 frames.

The field u(x,y,t) = urgy(x,y) solves the incompressible Euler
equations for all ¢: the velocity, and hence the vorticity, remains
constant in time. This provides a natural setting in which to study
the convergence of our algorithm, which we report for our choice
of IGA-FEEC basis (see Figure 12).

The same experiment serves to study the invariants of motion.
Although the velocity is steady, the flow map is not, and because
we track the inverse flow map explicitly in A, this makes for a more
demanding test than the stationarity of u suggests. We run the simu-
lation on a Delaunay triangulation of the domain with 11.6k vertices
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and a timestep of At = 0.0025 s, and contrast the evolution of an
advected dye, initialized to the x-component of position, with and
without resetting (Figure 11). Without resetting, the x-component
of A develops dispersive discretization artifacts as the shearing accu-
mulates, and the method loses accuracy. Figure 16 plots the relative
change in energy and Casimirs without resetting over the first 1 s
(400 frames), before these artifacts appear; both the Casimirs tr(Z¥)
and the energy are conserved to machine precision, on the order of
10~ !4, With resetting every 0.3 s (120 frames), each reset produces
a small jump in the conserved quantities, visible in Figure 16. These
losses accumulate slowly: over the full 5s simulation the energy
drops by only about 1.6%.

11.1.2  Eigenfunction Vortices. To probe how each method handles
multi-scale vorticity fields, we initialize the flow with a random
streamfunction drawn from the low-frequency spectrum of the
scalar Laplacian: we take the first 20 eigenfunctions and assign
each an independent, identically distributed Gaussian coefficient,
yielding a smooth but spatially complex initial vorticity field. This
construction’s band-limited spectrum makes the onset of spurious
high-frequency content easy to spot. As the flow evolves, the Vor-
ticity FEEC baseline develops pronounced dispersive artifacts, with
energy leaking into oscillatory modes that were not present initially.
Our method remains markedly cleaner over the same horizon. See
Figure 13. We attribute the difference to the structure each scheme
preserves: our discretization admits a discrete analogue of Kelvin’s
circulation theorem, tying the evolution to a conserved geomet-
ric quantity along advected discrete loops, whereas the baseline
enforces only a weak notion of enstrophy.

To evaluate the traces of powers of the dual variable Z (i.e., its
spectrum) for the LdA methods implemented in FEEC, we apply
RESET to obtain corresponding (A, p) fields and then RECONSTRUCT
to assemble a matrix Z whose spectrum we can inspect. This lets
us compare the Casimir-preservation behavior of the LdA methods
against our solver (see Figure 14).

To investigate how resetting affects the preservation of Casimir
invariants, Figure 15 presents a parameter sweep of the reset interval
a from 50 to 200 steps. The results reveal a trade-off: while less
frequent resets (larger «) better preserve energy and enstrophy
by reducing dissipation, they allow numerical instabilities to grow.
Conversely, more frequent resets suppress these instabilities at the
cost of higher dissipation. This is consistent with the suggestion
that enstrophy conservation is perhaps undesirable in discrete fluid
models due to its generation of excessive background noise; see, e.g.,
[Modin and Viviani 2025, Section 5].

11.1.3  Verification of Noether charges. To verify the conservation
of the discrete circulation discussed in Theorem 6.2, consider an
initial divergence-free velocity field u and define the corresponding
infinitesimal generator Y = Ay,. Verification of Kelvin’s circulation
theorem consists of monitoring the invariance of the pairing (Z | Y)
as Z evolves by the coadjoint dynamics and Y evolves by the adjoint
dynamics. Importantly, recall that Z is represented in low-rank
form via (48), enabling an efficient evaluation of the pairing without
explicitly forming full-rank matrices. While a direct adjoint update
of Y = Ay would require evolving a sparse but full-rank matrix, the
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Fig. 17. A random divergence-free velocity field uy is selected to initialize
matrix vectors {(iﬂ)};:l through the matrix Y(0) = Ay, . Then the vari-
ables {(j., f1)}2, are advected alongside with the Clebsch variables used
during the simulation {(A, p)}2,. The Noether charge, here (Z | Y)(t)
remains preserved up to the tolerance of the Cayley solver used to compute
the rotations used for each timestep update of these variables.

structure of the pairing allows for simple advection of the action of
Y on the vectors appearing in the low-rank representation of Z.

Concretely, let A;(t) and p;(t) denote the vectors defining Z, so
that the vectors

L) =YW A1) f(t) =Y () py(0)

capture the action of Y on the evolving basis of Z with their values
at time zero equal to

2i(0) =Ag2i(0),  f1;(0) = Ag pt;(0).

Since %(Z | Y) = 0, it can be verified that {(A, [}, must also

evolve the same way as {(A, p)}2 ; i.e, through a rotation. The

Noether charge can then be evaluated as the combination
Z1V® = > w0 A - i) iy ).

1

This formulation avoids explicitly advecting the full matrix Y, in-
stead requiring only the evolution of the vectors i,—(t) and f1;(¢). In
practice, we observe in Figure 17 that a random charge initialized
from a divergence-free velocity field is conserved up to the toler-
ance of the orthogonal advection function (in this case, the Cayley
transform).

11.2  Mollified Point Vortex Systems

Another class of interesting solutions to the Euler equations is pro-
vided by the evolution of mollified point vortices, where  is a sum
of Gaussian functions. It will now be shown that the vakonomic
method can approximate the motion of such vortices.

11.2.1 2D Shielded Taylor vortices. Following [Nabizadeh et al.
2022], we initialize a pair of identical vortices on the square do-
main [, ]2, centered at (i%d, 0) for a separation distance d. For
our method and the finite-element functional-fluids-on-surfaces
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Fig. 18. 2D shielded Taylor-vortex experiment, comparing our vakonomic
formulation against the functional-fluids-on-surfaces FEEC baseline. Both
methods are run at 128 X 128 resolution with timestep At = 1/48s and
quadratic spatial accuracy; for our method, the flow map is reset every 10
frames (roughly every 10/48s). Note the lack of dispersive effects in our
method.

baseline, the domain is closed, with homogeneous Dirichlet con-
ditions imposed on the vorticity at the boundary; the domain is
chosen large enough relative to the vortex cores that the boundary
has negligible influence on the interaction. Each vortex is prescribed
through its vorticity using the radial profile

2

1 r? 1 r

w(r):;(z—;) exp(i(l—a—z)), a=0.3,
where r is the radial distance to the vortex center. This profile has
a positive core and, beyond r = V24, a surrounding annulus of
opposite-sign vorticity. The two contributions cancel exactly, so
each vortex carries zero net circulation, f  dA = 0. This “shielding”
makes the far field decay faster than a bare monopole and local-
izes the interaction between the two vortices. As the cores share
the same sign, the like-signed pair co-rotates and merges, probing
the scheme’s handling of filamentation and small-scale vorticity
transport.

For comparison, we also run the matrix-hydrodynamics scheme
of Zeitlin on this benchmark. Unlike the two methods above, this
baseline is formulated on the periodic flat torus, so its instance of
the experiment uses the doubly periodic domain [, 77]? rather
than the closed domain with Dirichlet boundaries.

Figure 18 compares the performance of the proposed vakonomic
Alg. 6 against the vorticity FEEC and matrix hydrodynamics (MHD)
baselines, using the B-spline discretization at resolution 1282. Ob-
serve that the vakonomic approach produces more realistic behavior
as the vortices evolve, with limited dispersion despite the use of a
relatively low resolution grid. This is a consequence of the discrete
relabeling symmetry satisfied by the vakonomic model, leading
to correct geometric behavior independent of resolution. Interest-
ingly, MHD produces the least physical evolution despite being
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Fig. 19. Evolution of the Shielded Taylor Vortices over time.
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Fig. 20. 2D vortex leapfrogging marathon experiment, comparing our vako-
nomic formulation against the functional-fluids-on-surfaces FEEC baseline.
Both methods are run at 128 X 128 resolution with timestep At = 1/48s
and quadratic spatial accuracy; for our method, the flow map is reset every
10 frames (roughly every 10/48s). Note the un-physical collision of vortices
in the baseline that is absent from the vakonomic approach.

the only model that is Lie-algebraically closed, perhaps due to its
substantially slower convergence with grid resolution. Figure 19
additionally displays the same experiment now in the Whitney form
construction and displaying the result further in time.

11.2.2 2D Leapfrogging vortices. Long-term behavior of our method
can be studied following [Nabizadeh et al. 2024], by superposing
four regularized (Lamb-Oseen-type) [Lamb 1895; Batchelor 2000]
point vortices on the horizontal centerline of [—z, z]2. Each point
vortex is modeled with a Gaussian vorticity blob

Ix — x|
- 5 bl

202

r
wi(x) = o exp (—

of core width ¢ = 97/256 m and strength T = 100s~1. The four
centers form two coaxial, oppositely signed dipoles of separations
dq and dp: (+,-) at (F3dg,0) and (+,—) at (F1dp, 0). Each (+,-)
dipole self-propels perpendicular to its connecting axis. Because
both dipoles translate in the same direction, the narrower pair ac-
celerates, contracts, and slips through the wider pair, which in turn
expands and slows. The roles then alternate, producing the char-
acteristic leapfrogging motion. As the total circulation produced
is zero, this test stresses invariant preservation and the long-term
accuracy of mutual induction between coherent structures.

Figure 20 displays the results of an extended vortex leapfrogging
simulation, comparing the vakonomic approach to a vorticity FEEC
baseline. Observe that the proposed method maintains appropriate
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Fig. 21. Conserved quantities for the leapfrogging vortices, each plotted
as relative error against the initial value at ¢ = 0. Top row: the quadratic
and quartic Casimir power traces. Bottom row: energy and enstrophy. Here
the Casimirs follow the same trend as the kinetic energy. This is expected:
in the trace of powers of Z, the covariance-like structure lets the inverse-
flow-map rows and columns be normalized, leaving the remaining rows
and columns associated with the kinetic energy measured in F. With resets
applied often (every 10 frames), the Casimirs therefore dissipate in step
with the energy. Although the plot may suggest that structure is lost, our
algorithm still follows a motion informed by a discrete particle-relabeling
symmetry and the underlying Lie-Poisson structure, yielding visually more
accurate results.

vortex separation for all time with no change in the circulation
(recall that this quantity is a discrete invariant). Conversely, the
baseline method merges vortices un-physically after about 135s,
leading to incorrect results in the long-term.

Figure 21 plots the relative error in the conserved quantities for
the leapfrogging vortices. Notably, the dissipation in Casimirs (due
to resetting) seen in the vakonomic case closely mimics the dissipa-
tion trend of the kinetic energy. This coupling arises because the
covariance-like structure seen in (50) normalizes the components
representing the inverse-flow map, leaving the Casimirs dominated
by the kinetic energy metric in #. Thus, frequent resetting (every
10 frames) drives down both energy and Casimirs simultaneously
while minimizing overall dispersion. Crucially, this decay is solely
a consequence of the resetting procedure employed to make this
instance of the vakonomic formulation numerically tractable. With-
out resets, the system preserves its geometric nature, evolving along
a path governed by the discrete particle-relabeling symmetry and
Lie-Poisson structure (cf. Figure 16. Designing alternative resetting
schemes that avoid these dissipative drawbacks, akin to the hybrid
grid-particle methods explored in [Nabizadeh et al. 2024], remains
an exciting direction for future research.

11.2.3  Six Vortices on an Oblate Spheroid. Another interesting test
monitors the behavior of multiple point vortices on a surface with
positive sectional curvature [Vankerschaver and Leok 2014]. Fol-
lowing Azencot et al. [2014], six Gaussian vortices are instantiated
on an oblate spheroid (with aspect ratio 2 : 1). The vorticity field is
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Fig. 22. Point Vortices on an Oblate Spheroid. The sphere is made 50%
transparent to illustrate vortices on the reverse side.
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initialized as

2
ox) = ZA ( lIx - rzlkH )

2tk . 2nk
my = l.l,pcosT,pslnT , 1<k<e,

where the parameters A = 2,r = 0.1, and p = 0.835 are chosen so
that the points my lie on the oblate spheroid mesh of 41k vertices
within the slice where x = 1.1.

Running the vakonomic Alg. 6 with At = 0.025 and resetting auto-
matically using the FTLE-based approach described above (roughly
every 1.5s) yields the results shown in Figure 22. As expected, the
vortices remain separated and equally spaced while rotating for a
substantial amount of time before eventually pairing together and
merging due to the curvature of the spheroid. Observe that minimal
dispersion is produced. It is worth noting that while the Functional
Fluids baseline only tracks the vorticity data, our approach tracks
an approximation of the inverse flow map, which is much more
numerically challenging requirement.

We additionally remark that this oblate spheroid mesh is identical
to the lower resolution icosphere mesh used before, stretched in
x-axis by a factor of 2 — as a result, the triangles are stretched out
and the mesh fails to be Delaunay. This is not an issue when using
the full Galerkin Hodge stars, but the mass lumped Hodge stars can
fail to be invertible on this mesh, so we avoid using them.

11.3 3D Trefoil Knot

As a further validation, we consider a three-dimensional trefoil
knot experiment: a (2, 3)-torus knot is embedded in the periodic
box and assigned a constant circulation along its core, which is
then mollified into a vortex tube of finite thickness [Nabizadeh
et al. 2024]. The knotted filament is expected to deform, undergo
vortex reconnection, and separate into distinct rings. Our method
reproduces this reconnection without loss of vorticity strength, as
indicated by the coloring of the filaments in Figure 1, even at the
coarse resolution of 64> with At = 1/72's and resets every 15 frames
(approximately 5/24s).

11.4 Flows on Surfaces

Finally, to illustrate our method’s ability to perform larger scale
fluid simulation experiments, we run a number of examples of more
complex flows on surfaces.

15.0

7.5

)
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Fig. 23. Vorticity evolution over time for the double shear layer experiment.
Our method (above) is compared to Azencot et al. [2014] (below).

11.4.1  Double Shear Layer. We begin with the double shear layer
on a hyperboloid-like surface from Azencot et al. [2014]; San and
Staples [2013]. This experiment initializes the vorticity to be the
sum of two layers of opposite sign, as well as a small perturbation
as one rotates around the hyperboloid.

2
w(x,y,z) = Z sjo cosh™2 (oc(z—zj)) + Scosf, 0 = atan2(y, x),
j=1
with parameters

0.05

(z1,22) = (0.5,-0.5), (s1,82) =(1,-1), o0=30, 6= .
T

We run this experiment with a timestep size of At = 0.005s, and
with a reset performed every 0.18 s for the vakonomic experiment,
on a mesh with 175k vertices. We compare our results to our imple-
mentation of Azencot et al. [2014], and show the results in Figure 23.
Our results have notably fewer noisy artifacts, and cleanly illustrate
the “roll-up” phenomenon theoretically expected in this experiment.

11.4.2  Flow on a Sphere. Next, we illustrate some examples of flows
on various surfaces. As an initial condition, we take the Arnold-
Beltrami-Childress (ABC) flow, sampled at the barycenter of each
face and orthogonally projected to the tangent space of that face,
and then averaged to vertices. The ABC flow is initialized by the
velocity field

sin az + cos ay
sinax + cosaz |,
sin ay + cos ax

uapc(x,y,z) =

where a = 10 is a scale parameter.

We initialize this projected ABC flow on two unit icosphere
meshes (i.e., a subdivided icosahedron projected to a sphere), with
6 and 7 subdivisions respectively (i.e., with 41k and 164k vertices,
respectively), and run our method with timestep sizes of At = 1073 s
for the higher resolution mesh and At = 2.5 x 1073 s for the lower
resolution mesh, and perform a reset every 0.2 s. The evolution of
the vorticity over time is shown in Figure 24.

Finally, we also visualize the finite-time Lyapunov exponent, com-
puting using the accumulated A from the previous reset, shown
below.

11.4.3  Flow on a Helicoid. Similarly, we run a simulation on a
helicoid, a minimal surface, once again initialized with an ABC-
flow projected to the tangent space of the surface, and compare our
results to Azencot et al. [2014]. Once again, we see in Figure 25 that
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Fig. 24. Above: Vorticity evolution on two spheres of different resolution,
initialized by a projected ABC flow. Below: The finite-time Lyapunov expo-
nent of the flow on the higher resolution sphere visualized.
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Fig. 25. A flow on a helicoid; initialized by a projected ABC flow.

our approach shows fewer noisy artifacts than that of functional
fluids.

t=0s t=009s

Fig. 26. A flow on a Stanford bunny; initialized once again by a projected
ABC flow.

11.4.4  Flow on a Bunny. Finally, to conclude, we run a fluid sim-
ulation on a Stanford Bunny mesh with 85.7k vertices; this mesh
has more intricate geometry than our other examples. We initial-
ize a flow using the same projected ABC flow as in Section 11.4.2,
and run the simulation with At = % x 1073 s and perform a reset
every 0.12 s. The simulation runs stably for a significant amount of
time. In Figure 26, we plot the evolution of a passively advected dye
initialized as the x-coordinate function. The results demonstrate
mixing behavior characteristic of turbulent phenomena.

11.5 Buoyancy: stratified flow in the Boussinesq
approximation

We also simulate density-stratified flow in the Boussinesq approx-
imation [Tritton 2012], where a density perturbation dp about a
constant reference state is advected passively by the incompressible
velocity, entering the momentum balance only through gravity. For
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Fig. 27. Rayleigh-Taylor instability of a stratified fluid under the Boussinesq
approximation. A heavier fluid (white ink) sits atop a lighter fluid (blue)
and falls into it, developing the characteristic plumes and intricate mixing
patterns as the flow evolves. Resolution 256 x 512, base timestep At = 1/96 s
with adaptive timestepping capped at CFL 0.45.

a gravitational force g along —y, these equations are

i+ (V)i =-Vp—gbpy, V4=0, 8 p+uV)sp=0.(61)

Adjoining a passively advected scalar to the fluid configuration
places the system in the semidirect-product Euler-Poincaré set-
ting [Marsden et al. 1984, 1997]: the volume-preserving diffeomor-
phism group SDiff (M) acts on the space of advected scalars ¥, and
the reduced Lagrangian depends on dp as an advected parameter.
Structure-preserving discretizations of such systems, in which the
auxiliary field is advected consistently with the fluid bracket, are
treated by Desbrun et al. [2014]. The buoyancy coupling is generated
by the potential energy given as the density perturbation weighted
by height along gravity,

VIp] = /M g8py Vol (62)

whose variation gives the force —gdpy.

This potential is accommodated within the machinery of Sec-
tion 10 by introducing one additional advected half-density g, the
accumulated gravity half-density field, initialized to zero and ad-
vected alongside the Clebsch labels. These equations are

g* = Apvect (u*, g"), g =g* + Atsg, (63)

with the constant source s = —% gy accumulated after each advec-
tion and where y is the fixed y-direction half-density field. In this
way, g accumulates the time integral of the gravitational potential
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Algorithm 8 STEPBOUSSINESQ(A, p1, 5p, g)(W — trapezoidal step
with buoyancy

Input: Clebsch pairs (A, y) (™), density perturbation 5p("), accu-
mulated gravity field g(”), tolerance ¢
1 8y —%g y > constant source; y the fixed height field

zu® = u* « Proycr(ReconsTrRUCT ({(A, 1)} U
{(6p.2)}™))
: do > fixed point on u*

(A, 1) ™) Apvect(u*, (A, p) (™)
Sp(n*) ApvEecT(u*, 5p("))

g* « Apvecr(u*,g")

g™l g* 1+ At Sg > accumulate f gy along paths
& « ReconsTruct ({(A, p)} D) U {(8p, g)} ("*D)
u(™1) — ProjeCT(i1)

10: u* — %(u(”) + u(”“))

11: while u* not converged

Output: (A, g, 5p, g) ™V

> passive scalar

W e N Do W

along particle paths. Contracting (p, g) against the tensor A — with
dp in a A-slot and g in a p-slot — then yields the buoyancy force on
the grid, leaving ADVECT and A unchanged. The resulting update
step is given in Algorithm 8, and the primary loop of Alg. 6 applies
verbatim with STEP replaced by STEPBOUSSINESQ, initializing g < 0
and §p < Jp,. At each reset, RESET re-anchors (A, p) and restarts
g « 0, with dp carried forward as a material invariant and the accu-
mulated impulse having already been folded into the reconstructed
velocity. Figure 27 demonstrates how this procedure recovers the
characteristic chaotic, fractal-like structure of the Rayleigh-Taylor
instability. Notably, despite the reduced dispersion of the vakonomic
method relative to LdA approaches (cf. [Gawlik and Gay-Balmaz
2021b, Figure 2], some dispersive effects remain, appearing in the
vorticity and producing graininess in the advected ink.

12 CONCLUSION

A vakonomic variational approach to discretizing the incompressible
Euler equations has been considered and implemented on various
benchmark examples. Using a spatial discretization based on the
Koopman representation of diffeomorphisms, the resulting nonholo-
nomic constraint has been treated in a vakonomic way that differs
substantially from the standard choice of Lagrange—d’Alembert. Re-
markably, the resulting equations of motion are fully Hamiltonian,
exhibiting a discrete Lie—Poisson structure that guarantees an ana-
logue of Kelvin’s circulation theorem along with the preservation
of Casimir invariants key to physical fidelity. To facilitate computa-
tional efficiency, a momentum map representation based on discrete
Clebsch variables has been proposed and used to solve the Lax
equation governing the vakonomic dynamics, yielding a simulation
algorithm that does not require the manipulation of matrix vari-
ables. Ultimately, it was shown that the proposed vakonomic fluids
behave stably and consistently even at low grid resolutions, leading
to increased robustness and physical realism in the long term.
Many avenues for future work in this area are available and
worth pursuing. On the theoretical side, it is interesting to consider

whether the Lie algebra so(F) underlying the vakonomic discretiza-
tion actually converges to sdiff(M) in the continuum limit, and if
so at what rate. Similarly, it is unclear at present how this notion
of convergence compares with the analogous convergence consid-
ered by Zeitlin [Zeitlin 1991], along with Modin and collaborators
[Modin and Viviani 2025], in matrix hydrodynamics. Closely tied
to this is the role played by the rank of the discrete system, which
appears to shape the dynamics in ways not fully understood; while
only d — 1 Clebsch pairs are needed in theory, there is some variance
in practice, and a sharper understanding here would clarify both the
fidelity and cost of the method. At a more foundational level, it is
natural to ask whether the Clebsch representation proposed here is
most appropriate for discretizing these flows, or whether alternative
symplectic (or Poisson) spaces might furnish more faithful (or more
economical) descriptions.

On the numerical side, the main drawback of the proposed ap-
proach is its dispersive nature, controlled here through periodic
resetting of the discrete Clebsch fields. Better methods for dispersion-
limiting are possible and certainly desired. A particularly appealing
option involves the inclusion of double-bracket dissipation [Bloch
et al. 2026], which injects diffusion only along coadjoint orbits and
without affecting Casimir-preservation. Ideally, any alternative to
the present approach will limit dispersion without harming the
Lie-Poisson structure of the discrete vakonomic equations or rein-
troducing other undesirable artifacts. It is also worth mentioning
that the half-density parameterization introduced here, and hence
the directional derivative tensor A, is not restricted to representing
divergence-free velocity fields. Therefore, the same strategy can
be used to transport general velocity fields, and it is interesting to
consider extensions of the present approach beyond incompressible
flow. While the vakonomic equations in this case will still take a
Lax form, the Casimirs will no longer coincide with those of the
Euler equations, and it is unclear how this will affect the dynam-
ics. Finally, the semidirect-product perspective used to incorporate
buoyancy is extendable to a broad family of physics. In fact, the
same construction should accommodate shallow-water flow, com-
pressible fluids, magnetohydrodynamics, and complex fluids, each
recovered by adjoining appropriate advected quantities to the fluid
configuration variable. Regardless, we find the vakonomic approach
to fluid simulation particularly exciting.
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A QUANTUM FORMULATION

Here, we note how the vakonomic Euler-Arnold system (34) mirrors
a von Neumann quantum mechanical formulation.

A.1 Observables and States

In algebraic quantum mechanics, a quantum system is described by
a unital C*-algebra (or von Neumann algebra) A, and the collection
of all observables is its self-adjoint part,

A={0O€A| 0" =0}.
Moreover, the space
iA={i0| 0 e A}

formed by multiplying all observables in A with the imaginary
element i consists of skew self-adjoint operators and forms a Lie
algebra under the commutator bracket:

lif.igl =—-[f.g] = i(i[f.g]).

where i[f,g] € Ais self-adjoint when f, g € A are self-adjoint.
Similar to how the dual space of a Lie algebra is the state space for
the standard Euler-Arnold coadjoint equation (cf., Section 3), the
dual space of a C*-algebra is dynamically interesting. Note that the
dual A* contains the space of quantum states as a convex subset:

S={weA*|w =20, w(id)=1}.

In finite dimensions, states may be represented by density operators
(matrices) w, in which case their pairing with observables is given
by the Frobenius inner product (w |f) = (w, f) = tr(fw), and the
normalization condition becomes {w| id) = tr(w) = 1. Pure states
are those density operators with rank 1, i.e. o = gg* for some unit
vector q. Any other states are mixed states, lying in the convex hull
of the set of pure states.

A canonical example of this structure is given by classical proba-
bility theory, where the space of observables contains measurable
functions defined over some sample space. This forms a commuta-
tive von Neumann algebra, where each observable can be considered
an “infinite diagonal matrix” over the points of the sample space.
Each state is a similar object, but carries the additional conditions
of entry-wise non-negativity and diagonal values which sum to
one. Clearly, this is just the space of probability measures defined
over the sample space. The dual pairing in this case is given by the
expectation of the observable over the probabilistic state.

A.2  Quantum Hydrodynamics
In the smooth theory of hydrodynamics, the space of “quantum
observables” is given by the reverse of the construction from before:

—i sbiff(M) = {-1 Zx | X € sdiff(M)}.

Each —i % is a Hermitian operator on L?(M) strongly analogous
to the usual momentum operator p = —if-%. This “velocity” ob-
servable generates advection: given a scalar function ¢y € C*°(M; C),
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the Schrodinger-like evolution
.0 .
V=120

simply advects i along the vector field X € sdiff(M). Note that the
corresponding space of dynamical states is (up to multiplication by
i) the usual dual space sdiff(M)* containing the coadjoint orbits of
the Euler-Arnold equation.

It is interesting to observe the contrast between this quantum
system and the classical probability theory. The observable space
—1i sdiff(M) is not a commutative algebra, and the associated den-
sity operators give rise to linear functionals on —i sdiff (M) evolving
by the coadjoint equation, von Neumann equation, Heisenberg equa-
tion, Lax equation, etc. To describe this more precisely, recall that
sdff(M)* = Q1(M) / dQ°(M) is the space of one-forms modulo
exact differentials (cf, Section 6). A pure state, represented by the
wavefunction ¢ € C*(M; C), gives rise to a density matrix as the
“outer product” of the vector ¥, i.e., py = y*, considered as an
operator on L(M;C) with the inner product (¢, ¢) = /M bpdv.
Under the Schrodinger-like evolution above, the density evolves by
the Lax equation

i2 5, = —[i % pyl
5P = % Pyl

Indeed, for any test function ¢ € C*°(M;C) it follows from integra-
tion by parts that

Py = U @) + Y @) = (- Lx )Y ) — Y Lx 1. §)
=~ Zx(pyd) + VY. Zx ) = [py. Zx 4.

and therefore the claim follows from multiplication by i. Moreover,
the dual pairing between a density operator py and an observable
—i % is given as before:

(oy | —1.2%) = /Ml/;(—i LX)y dv.

Of course, there is also the usual dual pairing between an arbitrary
“state” [n7] € sdiff(M)* and an “observable” X € sdiff(M),

(7] 1X) = /Mnoo av.

It is instructive to compute the element of sdiff(M)* associated to
the pure state density operator p,. Observing that #x ¢ = dy/(X)
is the ordinary directional derivative, it follows that

(py | —i2x) = ([-iydy] | X),

where the pairings on the left and right are defined as above. Now,
recall that the differential of the modulus satisfies

dIyP? = dyjy + Jdy = 2Re(Jdy) = 2Im(idy).
Therefore, the expression whose equivalence class is desired be-
comes

—iydy =Re(=iydy) +Im(=iydy) = Re(=iydy) - 3dly[*,
showing that its representative in sdiff(M)* is given by
[oy] = Re(~igd).

Remarkably, this is just the Clebsch representation in classical hy-
drodynamics (cf,, Section 8). Choosing § = A + iy, it follows that

—igdy = —i(A - ip)d(A+ip) = (Ady — pdA) — i(AdA + pdy),
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and so [py] = Adp — pdA. Therefore, the Euler equations can be con-
sidered as a “nonlinear Schrodinger” system where the Schrédinger
operator —i % depends on the density matrix X = ilpyil =
> Aidu; — pidA; represented by Clebsch variables.

B MATRIX HYDRODYNAMICS

In contrast to the present approach that discretizes a space of ve-
locities to generate directional derivatives, matrix hydrodynamics
discretizes the Lie algebra sdiff(M) directly. The advantage of this
is that no constraint on admissible velocities is necessary: the ap-
proximation space is automatically closed under the Lie bracket. In
particular, each element v € Vy;, can be represented by a matrix Ly,
and the image L(Vy;,) is closed under matrix commutation. This
means there is no distinction between vakonomic and Lagrange—
d’Alembert (since there is no nonholonomic constraint), and the
equation of motion becomes a simple Lax equation for the involved
matrices.

B.1 Continuous System

To carry out this program in 2D, it is natural to design the Lie algebra
structure on Vy;,, through a frequency-space approximation of the
Lie algebra structure of sdiff(M). Then, Vg;, can be parameterized
by streamfunctions, and the 2D Euler equation can be written as
w = {A"'w, w}, where w € C®(M) is the vorticity function, A is
the Laplacian, the function p = A~!w is the streamfunction, and
{, -} is the Poisson bracket induced by the symplectic structure (area
form) on the 2D domain M. Explicitly, {f, -} = advyyy = Vf - JV
where J denotes clockwise 90° rotation and Vf is the gradient of
the smooth function f € C*(M).

The Poisson structure {-, -} on smooth functions C*° (M) describes
a Lie algebra that can be conveniently expressed in terms of the
frequency components of its elements. For this purpose, M in ma-
trix hydrodynamics is usually taken as a flat torus or the sphere, on
which Fourier or spherical harmonic expansions are readily avail-
able. Considering the flat torus M = T2 = R? / 72, for example, each
function f: T2 — R is expressed by its Fourier series

flxy) = Z f}1!j2627ri(j1x+j2y)’
(j1./2) €Z?
where the Fourier coefficients ﬁ € C satisfy the reality condition
f} = f_j, The normalized advection operator Ly = (—4r®) Y f, )
can then be expressed in terms of these Fourier coefficients as

. 1 _—
Lp= ) fiLy L=V,
jez?

Observe that the operators Lj for j # 0 form a basis for sdiff (T?)
(modulo the constant harmonic fields) with the structural relation

[-£]> -Lk] = (J X k)‘£j+ks (64)
where j X k = jika — joki.

In this representation, the vorticity equation w = {A™'w, w}
can be expressed as an evolution of the advection operator L., €
sDIff(T?):

1

., .
Ly =—41[Lp, L], Pj = T n

Wi, (65)
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where pj are the coefficients of the inverse Laplacian in frequency
space.

B.2 Discrete System

In 1991, Zeitlin employed a finite-dimensional analogue of (64) and
thereby introduced a finite-dimensional analogue of the vorticity
equation (65). First, the frequency space Z? is truncated regularly
into ZIZV, where Zn =Z/(NZ) ={0,1,..., N — 1}. The space of real
stream functions with these frequencies, given by

{f(x) 0 JSN} 2 {f: 2% —clf=fi),

s o2
JE€Zy,

then forms the Vg, space (modulo the two-dimensional constant
harmonic vector fields), where the 1/N? factor follows the discrete
Fourier transform convention. Remarkably, it turns out that there
are N X N compleximatrices L; for each frequency j € Zi, obeying
the reality relation LjT = L_j as well as the sine bracket relation

(15 Lid = % sin (3G x50 Lo (66)
where expressions such as j + k are understood modulo N and
the relation (66) approximates (64) as N — co. Provided these
matrices can be explicitly constructed, this provides a Lie algebra

homomorphism f - L¢ between Vy;, and the space su(N) given
by

2mijx

1 A 1 N
f(x):m Zﬁe N HW Zﬁszsz.

jezZ4, jezZ4,

Letting p = e*71 /N be the squared N-th root of unity, an explicit
construction for L; that satisfies (66) proceeds as follows. Find any

two matrices S, T € CN*N satisfying the commuting relation TS =

pST. Then
L= i%p%Slejz,
satisfies the sine bracket relation (66). Writing W = L,, and P = Ly,
this enables a statement of Zeitlin’s discrete Euler equation that
forms the basis for matrix hydrodynamics:
1 A
B

W=-[P,W], p= (67)

In practice, it is more convenient to express this in terms of the
spectral coefficient w,

; 1 27 1

Wn = —sin|—(GX(n-j)| =—5WjWn-j (68

= 3 5osn (50 @-00) oiyins 69
JE€Zy,

yielding a solvable system that does not require explicit construction

of the operators L;.

Remark B.1. An useful example of matrices S, T which parameterize

the operatorsL; is given by the following. LetS = diag(1, p, P2 .. p

and (Tu); = uj41. Using this explicit construction, Ly is given by

[ N _2mine
Lp)ij = 5 Pijij-in fmn = Z e R

tEZN

Notice thatf is the discrete Fourier transform of f applied only in the
y direction.

N—l)
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